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The category DM (k) is the A'l-localization of the derived
category of bounded above Nisnevich sheaves with transfers.

SmProj - M(k)

Y

Smy, — D™ (Shvnis(Corg)) — DM,

(k) — DM ()

In DM ™ (k), the higher Chow groups, motivic conomology,

Suslin homology and bivariant cycle cohomology are all
representable.

Let X be a smooth scheme and let Z be a smooth
subscheme of codimension ¢. Then we have an exact
triangle:

M(X — Z) — M(X) — M(Z)(c)[2¢].
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We have two different circles

Sl = A/0A'  and

SH=A'—0.

Let T = S! A S!. Then the formalism of T'-spectra provides a

stable homotopy category SH(k).
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Let £ C L be a finite separable field extension and consider
z : SpecL — Aj. Then the Thom isomorphism gives

P! — (SpecL) — P* — Th(v;) =2 T A (SpecL).
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Let £ C L be a finite separable field extension and consider

z : SpecL — Aj. Then the Thom isomorphism gives
P! — (SpecL) — P* — Th(v;) =2 T A (SpecL).
But
Al —0 Al - T

b

Al . IP)l IP)I /Al

and therefore T' = (P!, c0) and this yields a map:
T — T A [SpecL],

which is the “transfer” (after inverting T).

-p.12/26



Comparisons

Historical introduction HS (k) - SHSl <k)

Ingredients and definitions

® Correspondences

® The category C'or T
® Presheaves with transfers
® Nisnevich topology

® The category Y Y

DM~ (k)

@ Homotopy category of H ( k) e SHS ' (k)

sheaves

® What happened to
transfers?

® Comparisons

A quoi servent-ils?

A . 4
A quoi ne servent-ils pas? \

-p. 13/26



Historical introduction

Comparisons

Ingredients and definitions

® Correspondences
® The category C'or T
® Presheaves with transfers
® Nisnevich topology
® The category

DM ~ (k)
® Homotopy category of

sheaves
® What happened to

transfers?
® Comparisons

A quoi servent-ils?

A quoi ne servent-ils pas?

Ho(k) —> SHS (k) — D(Shyis(Sm/k))

-p. 13/26



Comparisons

Historical introduction Hs(k> - SHSSl (k) - D(ShNZS(Sm/k)) - D(ShN'LS(COIrk>)

Ingredients and definitions

® Correspondences

® The category C'or T
® Presheaves with transfers
® Nisnevich topology

® The category \{ Y Y

ey H(k) — SHS (k) ——— DM (k) - DM/ (k)
sheaves

® What happened to

transfers?
® Comparisons

A quoi servent-ils?

A quoi ne servent-ils pas? \

-p. 13/26



Historical introduction

Ingredients and definitions

® Correspondences
® The category C'or T
® Presheaves with transfers
® Nisnevich topology
® The category

DM~ (k)
® Homotopy category of

sheaves
® What happened to

transfers?
® Comparisons

A quoi servent-ils?

A quoi ne servent-ils pas?

Comparisons

Ho(k) — SHS (k) — D(Shnis(Sm/k)) — D(Shyis(Cory))

Y Y Y

SH(k) ~ DM (k) ~ DM(k)

Let chark = 0. Then SH(k) ® Q = DM(k,Q) when —1 is a
sum of squares. In general DM(k) is a summand in SH(k).
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Historical introduction

Milnor conjecture

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

@ Applications to K -theory
® Other applications

A quoi ne servent-ils pas?

Let F' be a field of characteristic different from 2. Let 7 (F)
be the tensor algebra, i.e., ©,en(F*)®". Let I be the ideal

generated by {a¢ ® (1 —a) :a € F* \ {1}}.
Then Milnor's K-theory is the quotient:

Ky (F) =T%(F)/1.
The Galois symbol induces a map

K%, (F)® Z/27 — H*(F,7,/27).

Theorem (Voevodsky) The map above is an isomorphism of

graded rings.
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Bloch-Kato conjecture

Conjecture The map

Historical introduction K;&(F) ® Z/KZ N H* (‘FW7 Z/KZ)

Ingredients and definitions

is an isomorphism of graded rings for ¢ £ 2.

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

@ Applications to K -theory
® Other applications

A quoi ne servent-ils pas?
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Historical introduction

Bloch-Kato conjecture

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

@ Applications to K -theory
® Other applications

A quoi ne servent-ils pas?

Conjecture The map
Ky (F)QZ/IZ — H*(F,Z/{Z)

is an isomorphism of graded rings for ¢ £ 2.

Now, let X be a smooth scheme and let a be the projection

(Sm/k)et — (Sm/k)zqr. Let z(—, ) be Bloch’s complex,
then z, (—, *)¢ @ Z/m = u8n.

The Bloch-Kato conjecture is equivalent to the
Beilinson-Lichtenbaum conjecture: the induced map

2 (=5 %) ® Zfm — T<n Rovupiyy”

IS an isomorphism.
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Historical introduction

Applications to K-theory

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

® Applications to K -theory
® Other applications

A quoi ne servent-ils pas?

o Weibel has almost completely determined the K-theory of

Z..
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Historical introduction

Applications to K-theory

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

® Applications to K -theory
® Other applications

A quoi ne servent-ils pas?

o Weibel has almost completely determined the K-theory of

4.
almost means calculated K,,(Z) for n < 20000 and

n # 4m(m > 2) . The groups K4,,(Z) are conjecturally zero

(equivalent to Vandiver’s conjecture).

-p.17/26



Historical introduction

Applications to K-theory

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

® Applications to K -theory
® Other applications

A quoi ne servent-ils pas?

o Weibel has almost completely determined the K-theory of
7.

almost means calculated K,,(Z) for n < 20000 and
n # 4m(m > 2) . The groups K4,,(Z) are conjecturally zero
(equivalent to Vandiver’s conjecture).

e Weibel and Pedrini on the K-theory of surfaces and curves.
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Historical introduction

Other applications

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

@ Applications to K -theory
@ Other applications

A quoi ne servent-ils pas?

o Kahn and Sujatha constructed (several) categories of
birational motives (assuming resolution of singularities).
From these, they construct new birational invariants which
generalize in particular nonramified cohomology.
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Historical introduction

Other applications

Ingredients and definitions

A quoi servent-ils?

® Milnor conjecture

@ Bloch-Kato conjecture

@ Applications to K -theory
@ Other applications

A quoi ne servent-ils pas?

o Kahn and Sujatha constructed (several) categories of
birational motives (assuming resolution of singularities).

From these, they construct new birational invariants which

generalize in particular nonramified cohomology.

 Vishik (with Orlov, Voevodsky, Rost) studied the motive of

quadrics to produce new invariants and provide new
information about the Wiit ring of quadratic forms.
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A quoi ne servent-ils pas?
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Historical introduction

Beilinson-Soulé conjecture

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and D M
® Murre conjecture

Conjecture Let X be a regular scheme. Then

n>0and: <0,
n=0and i < 0.

H'(X,Z(n)) =0 {

From the definition, if X is smooth then H*(X,Z(n)) = 0 if

¢ > n + dim X. Also when ¢ > 2n, because of the
isomorphism with higher Chow groups.

Under Beilinson-Lichtenbaum conjecture, the
Beilinson-Soulé conjecture equivalent to its counterpart with
Q coefficients.

Lemma The Beilinson-Soulé conjecture is true for dim X <1
and H'(X,Z(n)) = 0 for i > dim X + 2 (modulo some
technical conditions).
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Historical introduction

Standard conjectures

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and D M
® Murre conjecture

(Grothendieck, 1962) “...the proof of the standard conjectures

seems to me to be the most urgent task in algebraic
geometry.”
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Standard conjectures

(Grothendieck, 1962) “...the proof of the standard conjectures
seems to me to be the most urgent task in algebraic

Historical introduction

geometry.”

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

samsonsac e €1 H be a Welil cohomology over a smooth projective variety

® Standard conjectures

e Bloch-Beiinson Filration X. IfY is an hyperplane section of X, let L be the morphism

® Mixed motives

@ Bloch-Beilinson Filtration Induced On H* (X) .

and M M . 2
OBk;jch-BeiIinson Filtration A L an |Som0rphlsm.

and ’DM
" e comeste B The morphism * associated to L is algebraic.
C The components of the diagonal are algebraic.
| < —,x— > is positive definite on algebraic cycles.

D Numerical equivalence is the same as homological
equivalence.
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Historical introduction

Bloch-Beilinson Filtration

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and D M
® Murre conjecture

All with Q coefficients. Then there is a descending filtration
CH*(X)=F"> F! > ...such that

o~ N =

. F1 ={z|z ~, 0}

CFT.Fs C Fr—l—s

. I is respected by pullbacks and pushforwards
. F"CHJ /F"™'CH’ only depends on h?/~".

F" =0forr >> 0.

- p. 22/26



Historical introduction

Mixed motives

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and D M
® Murre conjecture

There is an abelian category MM of mixed motives with the

following properties:
1. Tannakian

. the semisimple part is given by numerical motives
. admits a weight filtration

. every variety admits an associated motive and one with
compact supports

blow-up sequences, localization and Mayer-Vietoris
homotopy invariant

dual description

spectral sequence for X smooth

A~ W N

ver Gl ren

Ext?(I, h%(X)(n)) = HPT9(X,Q(n))

The last condition implies the Beilinson-Soulé conjecture.
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Bloch-Beilinson Filtration and MM

All with Q coefficients. Then there is a descending filtration
CH*(X)=F> F; D...such that

Historical introduction

1. F! = {z|z ~} 0}

Ingredients and definitions

. F"-FsC Frts

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture

2
3. " is respected by pullbacks and pushforwards
® Standard conjectures 4

. Assume there is a an abelian category MM and a
eV functorial isomorphism:

® Bloch-Beilinson Filtration
and MM

o:rl:z‘crjl-)Bji\li./r[]son Filtration ‘FWQC"H]/‘er—}_lC"H‘7 ~ EXtTMM (]., h2]_T(X)(]))'

5. F" =0forr >> 0.
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Historical introduction

Bloch-Beilinson Filtration and DM

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and DM
® Murre conjecture

For any k-scheme X there is a triangulated Q-linear tensor

category DM (X) with a t-structure which satisfies:
six-functors formalism

the heart has a weight filtration

1.
2.
3.
4.

5.

Tate objects

the subcategory of semisimple objects in M (k) should be

the Grothendieck motives.
There are canonical isomorphisms

H'\(X,Q(j)) ~ Homppm (Qar, Qua(5)[4])-

6. realization functors to Eckedahl motives and mixed Hodge

Candidates: Voevodsky, Hanamura, Levine and Nori.
Application to filtrations of Chow groups.

structures.
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Historical introduction

Murre conjecture

Ingredients and definitions

A quoi servent-ils?

A quoi ne servent-ils pas?

@ Beilinson-Soulé conjecture
® Standard conjectures

® Bloch-Beilinson Filtration
® Mixed motives

@ Bloch-Beilinson Filtration

and MM

® Bloch-Beilinson Filtration

and D M
® Murre conjecture

Let X be a smooth projective variety. Then Murre
conjectured that:
1. the decomposition of the diagonal is algebraic.

2. the correspondences w11, . .., Taq act as zero on
CHI(X)g.

3. Let F"CH/ (X)@ — Ker7r2j M...N Kerﬂ'gj_r+1. Then F'is

independent of the choice of the ;.
4. FICH)(X)g = CH’ (X)p,.

Theorem Murre’s conjecture is equivalent to the existence of

the Beilinson’s filtration on Chow groups, and the two
filtrations coincide.
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