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Abstract

This study proposes a new test for vector correlation in a high-dimensional
framework, while accommodating a low-dimensional latent factor model. Our
test, built under low-dimensional factor models, distinguishes from previous
normal approximation- based tests, which are valid under a weak spike struc-
ture. We propose a modified RV coeflicient for high-dimensional data, and show
that its null-limiting distributions follow a weighted mixture of chi-square dis-
tributions under a high-dimensional asymptotic regime integrated with weak
technical conditions. By applying this asymptotic result and estimation theory
of the number of factors in a low-dimensional factor model, we propose a new
approximation test for vector correlations. We also derive the asymptotic power
function for the proposed test. Lastly, we examine the finite sample and dimen-
sional performance of this test using Monte Carlo simulations.

AMS 2000 subject classification: Primary 62H15; secondary 62F05.
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1. Introduction

We let x1,...,x, be p-dimensional random sample with a population mean
vector p and population covariance matrix 3. We further partition x;, @, and
3 into 2 components:

X154 My Y11 X2
X; = ) = ) Y= )
' ( X2 ) # ( Ko ) ( Yo1 3o )
where x4; and p, are py x 1 vectors, and Xy, is a py X pp, matrix, g, h € {1,2}.

Note that p = p; + p2. The test for assessing the vector correlation can be
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fomulated as
H: 212 =0 vs. .A : 212 7& 0. (11)

To construct test (1.1), we introduce the pV coefficient introduced in [4]. The
pV coeflicient is defined as

[Z12]%
Vig = ——12lF
T Bullrlelr
where || - || denotes the Frobenius norm. The pV-coefficient measures the

correlation between two probability vectors. Particularly , if p;y = p2 = 1, it
corresponds to the square of Pearson’s correlation coefficient. Because 315 = O
and pVis = 0 are equivalent, the estimator of pV;5 can be used to hypothesize
testing (1.1). The RV coefficient introduced by [9] can be interpreted as a naive
estimator of pV-coefficient. [10] verifies the accuracy of several permutation
tests for (1.1). [10] introduced an RV coefficient based test, assumes a situation
where the dimensions are not very large, and compares several permutation
tests by simulation. [7] states that the RV coefficient takes high values when
the sample size n is small, and when both p; and py are large. Further, they
corrected the RV coeflicient so that it is consistent even in high-dimensional
settings, and showed the asymptotic normality of the corrected RV under a high-
dimensional framework with a multivariate normal population and the following
covariance structure: (hereafter referred to as weak-spike structure).

IZ2,05 _ L
m—o()(p—ﬂw)- (1.2)

A sufficient condition for condition (1.2) is that the largest eigenvalue of X,

grows at a rate o(p_(l,/ ) or O(1). [13] proposed an approximate test for deducing
the block-diagonal covariance structure of a covariance matrix under a popu-
lation distribution with relaxed normality assumptions. When the number of
blocks is 2, it matches test (1.1). Their test is based on the asymptotic nor-
mality of the unbiased estimator of the Ly squared norm of the off-diagonal
block matrix, ¥15. This asymptotic normality is justified under the weak spik-
ing condition (1.2). Recentry, [1] also proposed a modified RV coefficient under
a population distribution with relaxed normality assumptions, and construct
a normal approximation-based test for (1.1). Surprisingly, their study shows
the asymptotic normality of the modified RV coefficient under the assumption
that tr(3g,) grows at rate O(py). Note that this assumption holds, even if the
largest eigenvalue of ¥,, grows at rate O(py). Therefore, they indicate that
the asymptotic normality holds under fairly relaxed conditions. However, this
study indicates that their results are incorrect, and derive the correct asymp-
totic distribution of the modified RV coefficient under the condition that some
eigenvalues of X4, grow at rate O(py) (See Theorems 1 and Remark 1). In
these studies, normal approximation-based tests for high-dimesnional data are
justified under the weak spiking condition (1.2), for example [11], [12], [5], [6].



In other words, there is a concern that the normal approximation-based test for
L statistic will not work properly if the condition (1.2) does not hold. This was
also noted by [8]. This study provides pV-based test for (1.1) without the nor-
mality assumption and weak spike structure (1.2), while allowing the dimension
p to be much larger than the sample size n.

This paper proceeds as follows. Section 2 lays out the high-dimensional
asymptotic framework, presents the modified RV coefficients and their asymp-
totic properties, and provides data-driven test procedures. Section 3 evaluates
the finite-sample performance of the proposed test. Lastly, Section 4 presents
the conclusions. The Appendix further presents all proofs and auxiliary techni-
cal results.

2. Main results

2.1. Data generation model and asymptotic framework

The data generation model is assumed to be a latent factor model expressed
as

x=p+Bf t+e (2.1)

Here, p € RP is the population mean vector B is the p X d non-random matrix
B = (by,...,b,)" that satisfies rank(B) = d, and elements by,...,b, are
referred to as factor loadings. f € R? and € € RP are random vectors for common
and specific factors, respectively. We assume that f and € are independent. We
let f = (f1,...,fs) and € = (e1,...,€,) . Furthermore, we assume that f; is
iid with E(f;) = 0, E(f?) = 1, and E(f}) = k + 3 < oo. and ¢; are iid with
E(e;) =0, 0 < E(€3) = ¢ < 00, E(€}) = ¢7(r +3) < oo for i € {1,...,d}, and
j€{1,...,p}. Under these assumptions, E(f) = 0, E(e) = 0, cov(f) = I and
cov(e) =W = diag(¥1,...,¥p).
We further partition B, ¥, and € into 2 components:

o B1 o \I/l (@) o €1
o=(m ) v=(5 ) =(2)

where B, is p; X d nonrandom matrix that satisfies rank(By) = d;, > 0, ¥,
is pg x py diagonal matrix, and €, is p,-dimensional random vector. These
assumptions, along with Equation (3.1), imply that

T T
(. zBBT+\II(B1B1+‘I'1 BB, )
H ( 15 >7 B,B, B;B, + ¥,

For the asymptotic evaluation, we impose the following regularity conditions:

(A1) pg = pg(n) (g € {1,2}) is a function of n such that p, tends to infinity
along with n — oo, n/py; — 0, € (0,00), and positive integer d is fixed.

(A2) Prax = max{t1, o, ..., 1,} is bounded.



(A3) There are two positive semidefinite matrices B]; and Bj, such that rank(B7;) =
* T *
dy > 0, rank(B3,) = dy > 0, and ||(1/pg)Bg B, - ng||F — 0 (pg — 0)
for g € {1,2}.

(A4) £ ~ N (0,1,).

2 - 2 *2Y .2 4y o
Remark 1. Under (A1)-(A3), tr(33,) = pgtr(By;) =< p; and tr(3g,) <
pétr(BZé) = pg. Therefore, the weak-spike structure (1.2) does not hold. This

unique feature distinguishes the weak spike structure in our study from that in
other studies (1.2) considered in the test for (1.1), for example [13], [7].

2.2. Consistent estimator of pV and its sampling distribution

We let pVi2 denote the vector correlation coefficients between the two com-
ponents x, x; and Xz, defined as (see [4])

[Z12]|F
V = —— .
e SR

It is clear that the Pearson’s product-moment correlation coefficient is a special
case, pVio when p = 1. Furthermore, pVio = pVa1, and pVis = 0 if and only
if 315 = O. Therefore, the natural criterion for testing H must be based on a
suitable statistic for pVis.

The sample counterpart of pVis is obtained as

S12/1%
1S11llF S22l 7’

where the sample covariance matrix of x4, and the cross-sample covariance ma-
trix of x; and x9 are constructed as

RVip =

IR _ T
Vg € {1,2}, Sgg = n_1 Z(Xgi —Xg)(Xgi —%g)
i=1
1 n
= =\ T T
Si2 = 1 z(xu —X1)(x2i —X2) , So1 =Sy,
1=
with X, = n=t 31" | x4, for g € {1,2}. The invariance of RV, was confirmed
by [9]. RVi2 is a consistent estimator of pVio when n — oo and p are fixed;
however, it is not a consistent estimator of pVi5 when n — oo and p — oc.
Based on these arguments, the crucial step while constructing the test statis-
tic for testing (1.1) is obtaining an estimator of pVy;, suitable for high-dimensional
settings. Note that Sy is an unbiased estimator of Xy, but [|Sy|/% is not an
unbiased estimator of |, |%. In particular, in high dimensions, ||Sy||% has
a large bias. Therefore, it is better to use an unbiased estimator of ||X,|%.
Therefore, we first consider the following unbiased estimators of ||2,%.

n—1

IZnl% = nln = 2)(n—3)

[(n —1)(n — 2)tr(SgnShg) + tr(Sgg)tr(Snn) — nKgn]



for g, h € {1,2}. Here,

1 - = |12 = |12
Kon = 57 2 I = %alPlbens = %0l
1=

-

|Z12]|% is an unbiased estimator of || Xi2]|% obtained from [13]. Additionally,
||MQF (gi{\l, 2}) is arim\biased estimator of || X,]|% derived by [13]. Using

1Z1111%, [[Z22]|%, and [|E12]|%, we define the estimator of pVi2 with a high-
dimensionality adjustment as

2
1Z12]1%

MRVH =
1211 p[[E22]lF

(2.2)

Estimator (2.2) is the same as that proposed by [1]. Our essential contribution
is not to propose an estimator (2.2), rather to clarify the asymptotic properties
of this estimator in situations where the weak spike condition (1.2) does not
hold. The following theorem lists the asymptotic properties of the proposed
modified estimator (2.2).

Theorem 1. Under (A1)-(A3), MRVis = pViz2 + 0,(1) as n,p1,p2 — 0.
Proof. See Appendix A. O

To construct a hypothesis test (1.1), we consider the null distribution of
M RVi5. The following theorem provides an asymptotic null distribution of the
adjusted M RVi5 under (Al)-(A4):

Theorem 2. Suppose the null hypothesis H in (1.1) is true. Under (A1)-(A4),

di  da

tr(Aq)t A1iA2;
nMRV12+— ————L?, (n,p1,p2 = 0
tr(A?)tr(A3) ;]Zl tr(A2)tr(A3) " (m.p1, )

(2.3)

where x4, . .. ,del SXo1s x%dQ are mutually independent chi-squared distributed

random variables with one degree of freedom, A1 = diag(A11, ..., 14,) @5 dy X dy

diagonal matriz whose diagonal components are the nonzero eigenvalues of Bi,

and Ay = diag(Aa1, ..., Aag, ) 8 da X da-diagonal matriz whose diagonal compo-

nents are the nonzero eigenvalues of Bj,.

Proof. See, Appendix B. O

The following remark argues that the sufficient condition tr(X,,)/p, =
O(1) (g € {1,2}) for the asymptotic normality of M RV in [1] is incorrect.

Remark 2. [1] show the asymptotic normality of nM RVi2/v/2 under tv(2,,)/p, =
O(1) (g € {1,2}) and other regularity conditions. Note that under Assump-
tions (A2) and (A8), tr(X44)/pg = O(1) (g € {1,2}) holds. In Theorem 2, if



di =dos =1, nM RV15 41 converges to a chi-square distribution with one degree
of freedom. Therefore, this example is a counterexample in which the asymptotic
normality of nM RVi2/+/2 does not hold, even though tr(2,,)/p, = O(1) (g €
{1,2}) holds.

We further examine the behavior of nM RV}2/+/2 when condition (1.2) holds
and when it does not, using a toy example. We set p; = pa = 500, n = 100, and
d = 2. The data generation model is as follows.

x = ( "131)1 0 )f+e, (2.4)

O’llp2

where f ~ N3(0,15), € ~ N,(0,0%I,), and f and € are independet. Then,
Yy = 0il,, 1;9 + 0%I, and X15. We consider two cases: (a) o1 = 0 and (b)
o1 = 1. Note that (a) is the case when condition (1.2) holds, and (b) is the case
when condition (1.2) does not hold. We generated independent pseudorandom
observations from model (2.4) and calculated nM RV;5/+/2 100,000 times. Fig.
1 shows histograms for (a) and (b). nM RVi2/+/2 converges to N'(0,1) in (a).
However, it does not converge in (b). In case (b), as mentioned in the remark,
it is almost the same as the density function of (x? —1)/v/2. Remark 1 and the
numerical results show that the sufficient condition for the asymptotic normality
of nMRV12/v/2 is (1.2) and not tr(2,,)/p, = O(1) (g € {1,2}).

(a) When o1 =0 (b) When o2 =1

Figure 1: The histograms of nMRVlg/\/i for the case when condition (1.2) holds
(in the left panel) and for the case when condition (1.2) does not hold (in
the right panel). The dashed line denotes the density function of A/(0,1).
The solid line denotes the density function of (x3 — 1)/v/2.

2.8. Approzimation test and its asymptotic properties

By estimating the unknown parameters in the random variable on the left-
hand side of (2.3), we construct a test statistic for (1.1).

First, by applying the idea in [2], we estimate d,. We focus on the criterion
function originally proposed by [2]:

Ai(Sgg)

ERQ(Z) - )‘i—&-l(sgg),



where \;(-) is the i-th largest eigenvalue and E R, is the eigenvalue ratio. The
estimator of d, is given by the number 4 that minimizes FR, (i), that is,

o~

dg = argmax ERy(1), (2.5)

1<i<ig,max

where ¢4 max denotes the prespecified upper bound of 7.
We further estimate the unknown parameters tr(Ay) and tr(A2) in (2.3)
using

dy dy
= Z gi and tr Z
i=1 i=1

respectively. Here, Xgi = Ai(Sqq)/pg for i € {1,2,.. .,C/l;]} and g € {1,2}.
Using these estimators, we propose a test statistic, defined as

AR

T = nMRVu + ———
tr(A?)tr(A3)

The following theorem further shows that 7" has the same limiting null distri-
bution as the random variable on the left side of (2.3).

Theorem 3. Suppose the null hypothesis H in (1.1) is true. In (A1)-(A4),

1 2
A1z>\2
T~ 2 (n,p1,p2 = ).
;; tr(A?)tr(A3) ( )

Proof. See, Appendix C. O

Based on the results of Theorem 3, we provide an approximate test for (1.1).
The test involves four steps.

1. We draw n observations from the population and calculate jg, Xgi for
ie{l,..., gg}, tr(Ag), and tr(AZ) for g € {1,2}. Using these estimators,
we construct 7'

2. We further draw a sample of d1 X d2 independently and X -distributed
random variables to obtain

- Al
55 3) PRI NG

—

i1 =1 \/tr(A2)tr(A2)

3. We then repeat step 2 until we obtain a Monte Carlo estimate of the
distribution for the random variable T' and its (1 — a)-quantile £,
4. We further realized an approximate test with the nominal size « as follows:

Reject H <% T > 7,. (2.6)



To examine the power of test (2.6), we consider the following fixed alterna-
tive:

Ap: [|Z12][7/(p1p2) convergence to some & € (0, B, [|r[BallF) as p1,pa —
0.

Under the fixed alternatives Ap, (A2), and (A3), pVi2 converges to pVyh =
6/(IB11llFIIBi1llF) € (0,1) as p1,p2 — oo. The following theorem provides
the asymptotic distribution of the MRV coefficient under the fixed alternative
hypothesis:

Theorem 4. Under fized alternatives Ap and (A1)-(A4),
\/E(MRVH — leg)

~ N(Ov 1) (naplap2 — OO),

g
where
o2 Z2pV2 piIBiilE: | p3IBIE +op2p tr{(B1,B5,)*} + tr(B1/B3;)
2115 [[Z22]|% 12125
2pip3tr(BiiBs3)  4pipatr(BiYB3,)  4pipdtr(B3BY) @7
IZullFZ2lF  1ZulZlZelE:  [ZelEIBaln | '
Proof. See, Appendix D. O

Applying this theorem, we obtain the following corollary of the asymptotic
power under the fixed alternative Apg.

Corollary 1. Under fized alternatives Ap and (A1)-(A4), the asymptotic power
function converges to 1 as n,p1, ps — 00.

Proof. See, Appendix E. O

Note that the asymptotic power function is equal to one for all values un-
der a fixed alternative Ap. This is the notion of consistency for a test: it has
asymptotic power 1 under every fixed alternative Ag. Accordingly, the asymp-
totic power vs. fixed alternative Ap is not a sufficiently discerning asymptotic
criterion for distinguishing between the tests. This problem can be addressed
by considering the following local alternatives:

Ap: Let n be a constant greater than or equal to 1/2. There exists a d x d
matrix = such that all diagonal elements are 0 and at least one off-diagonal
element is not 0 such that the following condition is met:

Furthermore, there exists a positive real number A such that the following
condition is met:

nn

B/B,B,B; - E
P1p2

—0 (naplap2 — OO)
F

n2n n2n
1Z12)7 =
P1p2 DP1ip2

tr(By B1By B2) = A (n,p1,p2 — o).



Note that pVi2 < n =27 under (A1)—(A3) and Ayz.
Theorem 5. Under the local alternatives Ay, and (A1)-(A4),

A0 S/AlslAals) +3Ca e 12172
[ArllrlAzllr z'C'z n>1/2.

where z has a d?-variate normal distribution with a mean vector 0 and covari-
ance matriz Iz + K2 and

nMRVio +

1 1
C'= (B ®BL), ¢'=— vec(E+E).
TAL Ay B @ B2) € = e v E =)

Here, K42 denotes the commutation matriz.
Proof. See Appendix F. O

Applying the theorem, we obtain the following corollary of the asymptotic
power under local alternative (L).

Corollary 2. Under (A1)-(A4), the asymptotic power function is

Pr(T > T Ay :{ Sﬁ(z(*l)A/(llAlllFllAzllF)}+0(1) Ziig

where G(-) denotes the cumulative distribution function of z' C*z + c* ' z.

Proof. See Appendix G. O

3. A simulation study

In this section, we examine the size and power of test (2.6) in a finite sample.
Throughout this section, the sample size n is n € {p/2,p, 2p}, the dimension
p1 and po are (p1,p2) = (1004, 150¢) for ¢ € {1,2,4,8}, the number of factors
d is d € {2,4}, and the nominal size o is & = 0.05. We assume that the data
x; = (41, - - 7xl-p)—'— follow the model

zij=b/fi+e; i€{l,....n}, je{l,...,p}. (3.1)
The specific factors were drawn from the following three distribution scenarios:.
(D1): €5~ N(0,1).
(D2): Let e “ X2, then €;; = (ei; — 1)/V/2.
(D3): Let e ' LN(0,1), then eij = (eij — e'/?)/y/e(e — 1).

The common factors £; % Na(0,1y).

For each fixed py, p2, and n, we repeat the following steps 10,000 times, and
calculate the empirical size or power of the proposed test (2.6) by recording the
number of times the null hypothesis H is rejected.



1. Generate independently {b;}’_, and set B.
2. Generate independently {e;} ;.

3. Generate independently {f;} ;.

4. Calculate {x;} ; from x; = Bf; + ¢;.

5. Set prespecified upper bound in (2.5) to 10, estimate &1 and (/1\2 Execute
test steps 1 to 4 in Section 2.3 and record 1 if the null hypothesis H is
rejected.

3.1. Size comparison with previous research

To ascertain the size of the test (2.6), we set the factor loadings b, =
(bj1,...,bja)" as follows for each d = 2 and d = 4 so that the null hypoth-
esis H holds.

o d=2Forje{l,....,p1}, bj L N(1,1), bjs =0. For j € {p1 +1,...,p},
bi1 =0, bjn " N(1/2,1).

o d = 45F0fj € {1,...,])1}, bjl,bjg ”f\(/i N(].,].), bjg = bj4 = 0. FOI'j S
(p1+ 1o, p}, bjn = bja =0, bjz, bja < N (1/2,1).

We also compared the proposed test (2.6) with the test procedures in [3] and [1]
in terms of size control. These tests are denoted by Cor, and Ahm, respectively,
and our proposed test is denoted by HNN throughout this section.

The covariance structure in this simulation setting satisfies assumptions (A2)
and (A3). Therefore, Theorem 3 shows that the size of our test converges to
the nominal size for large p and n. Tables 1 and 2 indicate that our proposed
test HNN provides a valid asymptotic test with an accurate size control for
most simulation settings. The test sizes for HNN are close to the nominal levels
even for (p1,p2,n) = (100, 150,125) in Table 1, indicating that the asymptotic
condition described by Theorem 3 occurs even with relatively small dimensions.
Furthermore, HNN systematically outperforms both Cor and Ahm in terms of
size control across different distributions. However , the sizes of Cor and Ahm
are larger than the nominal size in all cases considered in this simulation. Cor
is theoretically valid in large-sample settings; therefore, it is likely that it does
not work in high dimensions. Additionally, as mentioned in Remark 2, Ahm
has no theoretical validity under the covariance structures in this simulation
settings. Therefore, the approximation accuracy may deteriorate. As expected,
Ahm exhibits an inflated size in almost all simulation settings. Additionally,
the size does not converge to the nominal level because both p and ny increase.
This is likely because the asymptotic normality of the test statistic does not
hold under the covariance structures in the simulation settings.

10



Table 1: This table presents the case where the number of factors d is d = 2. The sizes
of the proposed tests (HNN), approximate permutation test by [3] (Cor),
and tests based on normal approximation by [1] (Ahm) are evaluated under
three different distribution scenarios for specific factors at a significance
level of 5%. The average size in each column is listed in the “mean” row,
and the standard deviation of size in each column is listed in the “sd” row.

n=p/2 n=p n = 2p
(p1,p2) €ij HNN Ahm  Cor HNN Ahm  Cor HNN Ahm  Cor
(D1) 4.88 6.81 6.67 5.44 7.43 7.25 5.10 6.68 6.24
(D2) 5.36 7.11 7.08 5.17 6.86 6.70 5.02 6.72 6.21
(D3) 5.17 6.94 6.79 5.04 6.82 6.69 4.88 6.77 6.24
(D1) 5.02 6.83 6.78 4.90 6.80 6.79 5.25 6.91 6.37
(200, 300) (D2) 5.18 6.79 6.87 4.78 6.41 6.26 5.33 7.30 6.75
(D3) 5.35 7.37 7.34 4.76 6.80 6.70 4.93 7.10 6.49
(D1) 4.98 6.85 6.71 5.40 7.15 7.19 4.91 6.87 6.66
(400, 600) (D2) 5.14 6.88 6.81 5.17 6.99 6.91 5.09 6.88 6.69
(D3) 4.87 6.96 6.83 5.28 6.83 6.78 5.27 7.12 6.88
(D1) 4.87 6.61 6.58 4.97 6.84 6.81 4.74 6.37 6.23
(800, 1200) (D2) 5.19 6.87 6.89 4.77 6.60 6.60 5.26 7.07 6.91
(D3) 4.93 7.04 7.08 4.93 6.52 6.56 5.01 6.77 6.62
mean 5.08 6.92 6.87 5.05 6.84 6.77 5.07 6.88 6.52
sd 0.17 0.18 0.20 0.23 0.26 0.25 0.18 0.24 0.25

(100, 150)

Table 2: This table presents the case where the number of factors d is d = 4. The sizes
of the proposed tests (HNN), the approximate permutation test by [3] (Cor),
and tests based on normal approximation by [1] (Ahm) are evaluated under
three different distribution scenarios for specific factors at a significance
level of 5%. The average size in each column is listed in the “mean” row,
and the standard deviation of size in each column is listed in the “sd” row.

n=p/2 n=p n =2p
(p1,p2) €ij HNN Ahm  Cor HNN Ahm  Cor HNN Ahm  Cor
(D1) 4.36 6.06 6.15 5.10 7.16 6.94 5.18 7.07 6.20
(100, 150) (D2) 5.14 6.98 6.99 5.48 7.23 7.07 4.81 6.60 5.79
(D3) 5.46 7.15 7.04 5.07 6.48 6.31 4.93 6.60 5.77
(D1) 5.20 7.29 7.16 4.66 6.51 6.37 4.92 7.04 6.37
(200, 300) (D2) 5.06 7.09 7.03 5.06 6.79 6.67 5.34 7.24 6.68
(D3) 4.69 6.51 6.44 5.19 7.16 7.03 5.18 6.96 6.29
(D1) 5.08 7.10 7.10 4.72 6.68 6.62 4.88 6.60 6.35
(400, 600) (D2) 5.21 7.43 7.34 5.22 7.08 7.06 4.67 6.52 6.33
(D3) 5.02 6.89 6.82 5.07 7.19 7.16 4.87 6.88 6.51
(D1) 5.35 7.33 7.27 4.74 6.86 6.86 4.87 6.67 6.53
(800, 1200) (D2) 4.74 6.70 6.63 5.13 7.05 6.97 4.83 6.77 6.65
(D3) 4.95 6.75 6.83 5.47 7.39 7.32 5.31 6.98 6.98
mean 5.02 6.94 6.90 5.08 6.97 6.87 4.98 6.83 6.37
sd 0.29 0.37 0.33 0.25 0.28 0.30 0.21 0.22 0.33

8.2. Accuracy of approzximate power function

Because the discrepancies in the size and nominal size for Cor and Ahm are
large, we consider only the power of the proposed test in this section. We verify
the finite-sample accuracy of the asymptotic power function when n = 1/2 in
Corollary 2. To investigate the power of test (2.6), we set the factor loadings
b; = (bj1,...,bjq)" as follows for each d = 2 and d = 4 so that the local
alternative Ay, (n = 1/2) holds.

o d=2Forje{l,. .. .p} b1 < N1, bjy = 3n~Y2. For j € {p +

11



1,....p}, b1 =0, by “ N(1/2,1).

e d = 4:For j € {1,...,])1}, bjl,bjg ud N(l,l), bj3 = bj4 = 3n~12. For
j € {p1 + 1,...,p}, bjl = ij = O7 bjg,bj4 %N(I/Q,l)

The following steps are followed to calculate the approximate power based
on the results in Corollary 2:
1. For n = 1/2, we caluclate ]~3;g = (1/pg)B;Bg, Xgi = )\i(ﬁ;g), 1~\g =
diag(Ag1, - - ,ngg), A= n2"tr(]~3:1]~3;2), and 2 = n”f’)’l‘lﬁ;?
2. We draw a sample of d; x ds independently and ij—distributed random
variables to obtain

T, 2, & A1ida; 2
W= = ——Xij
i=1 j=1 \/tr(A?)tr(A3)

We repeat this operation until we obtain a Monte Carlo estimate of the
distribution for the random variable Ty and its (1 — a)-quantile ¢,,.
3. We draw a sample of z from Ny (0, Kz + I;2) and caluclate

T T
Thr=2z C'z+c" 'z,

where

_ 1 o T 1 SO
* = ﬁ(Bll ® B22)7 C* = ﬁvec(E + ET)
[A1llFlAzllF A1l || Azl

We repeat this operation until we obtain a Monte Carlo estimate é() of
the distribution for the random variable T4. By using G(-), we obtain

N ~ [~ A
Pr(T > ta|AL) ~ G <ta - M> .
A1l 7 ([ Azl

In Tables 3 and 4, the approximate and empirical powers calculated by the
simulation are denoted by APW and EPW, respectively. Tables 3 and 4 verify
that the asymptotic power function given by Corollary 2 is a good approximation
of power in high-dimensional settings. Tables 3 and 4 indicate that APW is very
close to EPW for most simulation settings.

4. Conclusion

This study presents a test statistic for vector correlation for high-dimensional
data using a low-dimensional factor model. We formulate the test statistic as
a consistent estimator of pV coefficient. We further employ the corresponding
asymptotic theory to derive the null and non-null limiting distributions of the
proposed test when both the sample size and dimensions approach infinity. The
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Table 3: This table presents the case where the number of factors d is d = 2. The
power of the proposed tests (EPW) and the approximate power (APW) are
evaluated under three different distribution scenarios for specific factors at
a significance level of 5%. The average power in each column is listed in the
“mean” row, and the standard deviation of power in each column is listed
in the “sd” row.

n=p/2 n= n=2p

01, 02) =y EPW  APW | EPW APW | BPW APW
(D1) 56.88 58.75 55.74 55.68 56.57 55.41
(100, 150) (D2) 57.59 56.40 56.53 56.39 56.67 57.08
(D3) 57.29 55.82 57.09 55.31 56.64 56.15
(D1) 67.94 67.21 67.66 67.96 68.06 67.54
(200,300) | (D2) | 66.67 66.84 | 67.40 67.44 | 67.27  66.27
(D3) 68.03 67.69 67.95 66.04 67.03 66.61
(D1) 57.73 57.34 57.41 57.49 58.05 58.99
(400, 600) (D2) 57.09 57.33 58.27 57.34 57.65 58.30
(D3) 57.19 57.80 57.41 57.20 57.25 58.06
(D1) 58.47 60.59 59.01 58.57 58.81 57.29
(800, 1200) (D2) 58.88 59.75 59.46 59.85 59.34 60.87
(D3) 58.74 58.09 58.82 57.64 57.92 57.81
mean 60.21 60.30 60.23 59.74 60.11 60.03

sd 4.29 4.20 4.41 4.44 4.32 4.13

Table 4: This table presents the case where the number of factors d is d = 4. The
power of the proposed tests (HNN) and the approximate power (Approx)
are evaluated under three different distribution scenarios for specific factors
at a significance level of 5%. The average power in each column is listed
in the “mean” row, and the standard deviation of power in each column is
listed in the “sd” row.

n=p/2 n=rp n = 2p

(p1,p2) €ij EPW APW EPW APW EPW APW
(D1) 62.87 63.98 64.36 63.13 65.35 65.01
(100, 150) (D2) 63.82 62.89 64.16 65.40 64.00 65.50
(D3) 63.38 62.91 64.18 63.23 65.44 64.59

(200, 300) (D2) 62.93 62.25 63.37  64.00 63.09 62.13

(400, 600) (D2) 58.48 58.48 59.04 58.42 59.22 59.86

(800, 1200) (D2) 66.78 67.83 67.94 67.52 67.80 66.85

mean 63.11 62.85 63.49 63.50 63.67 64.08
sd 3.11 2.77 3.15 2.87 3.14 3.29

asymptotic theory of the test was developed under a few mild assumptions,
and accommodates a wide class of highly spiked, high-dimensional covariance
models for the population, which usually represent a factor structure.

We propose a chi-square mixture-type of asymptotic approximations of the
test statistic, along with a Monte Carlo simulation scheme, to compute the
critical values of the test. This approach is in contrast to that of [1], in which
the asymptotic theory of the proposed tests centers around the normal limits
of the null distribution. Both our theoretical findings and numerical studies
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justify that the proposed construction of the pV coefficient—based test statistic,
and its chi-squared mixture approximation allow for better test size control.
Therefore, our proposed approach is more suitable for high-dimensional models
with a latent factor structure than the test proposed by [1], which does not
consider the structural aspects of the distribution of the underlying population.

Consequently, the proposed testing method may be appropriate for high-
dimensional, vector correlation tests when the data have an unknown degree
with an underlying low-dimensional latent factor structure. The test performs
very well for many practical distributions of the factor vector and error term
of (3.1) and spiked distributions, where the dimensions may greatly exceed the
sample size, and even for a moderate number of independent samples.

Appendix
A. Proof of Theorem 1

Let ygi = Xg; — p, for g € {1,2}. Note that
Yii B, ¥/ O £
oy )T\ B 0 w0
' 2 2 €2

where eg; = W;l/Qegi forie{1,...,n}, g € {1,2}.

First, we evaluate || Xy[/%, denoted as

[Zgnll% = J1 — 2J2 + Js,

where
1 n
J = T T
! n(n _ 1) L; Ygi¥Y9iYhiYhis
i#j
2 n
Jo=—— ST g
2 n(n —1)(n — 2) ’iwjzk::l Y4iY9iYhi¥Yhk
i#5, g7k k#i
]_ n
I = Z y;ygjy;k}’he-

nn=1)(Mn-=2)(n-3) 4=

AT ERAL A A ]
Because the expectation value of Jj is [|£4,]|% and the expectation values

of Jo and Js are 0, the unbiasedness of | X% is verified.
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var(Jp) is calculated as

2 n
=17 2 B Oga) i)}

i#]

var(Jy) =

n
+ﬁ Z; E(Y iY 0¥ ni¥ 03 gi¥ ok Y niY i)
i1k
. n
Ty ”;_1 E(Y 0¥ oi Y RV ¥ gk Y ot niYhe)
i AREL AL
P

zitr(A%)tr(Ag) +

Y p— {tr(A1A,)}°

_ 2

n(n—1)
4 4

+ Etr{(A1A2)2} + Etr(AfA%)

+ =tr{(A1A2) © (A1A2)} + “tr{(A2A1) © (A2A1)}

+ (A1) © (A2 A1)} +

4K
—— tr(A20 A2
+ n<n . 1) I‘( 1 © 2) +

2K . 9

4K
mtr{(AlAg) © (A2A4)}
2

+ itr{(AlAg)Z} + m

A2A?2
n(n _ 1) tr( 1 2))

where

B/B, B/¥!/? O B,B, O Bjw.?
A= o”B, w 0|5 A= O O o
o) O o v)/’B, 0 W,

Therefore, under (A1)—(A3),

1 n
T A > VaVaiYiyni | =0®*/n).
li‘;:jl
Under Assumptions (A1) and (A2), the variance of each term is:

n

4 T T 473
n2(n — 1)2(n — 2)2va1" A E —~ Ygiygjyhiyhk O(p /n )7
i k=
1#£5,]7k k#i
! var En Yoi¥oi¥mYne | = O(p*/n*).
W2 1P~ 2700 7 PG
ik, b=
1#JARAL kA IALA]
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Therefore, for g, h € {1, 2},

Sz [ Zonl
H QhHF _ [ gh||F+Op(n71/2). (A1)
PgPh PgPh

From (A.1), ||Z12]|r = O(y/p1p2) and ||Eg4llr < py (¢ € {1,2}) under (A1) and
(A2),

Sl
HRV12 _ || 12||F/(p1p2)

VIEa /o2 [l /3
) IS 2ll2/ (p1p2) + Op(n=172)

= ullr /o1 + Op(n-12) Mol /2 + Op (172}
=pVia + 0p(1).

B. Proof of Theorem 2

First, we derive stochastic asymptotic expansion of n||X12(|%/(p1p2)-

n o= = 1 -
1?;02”212“% = ips > B Bif;f, By Bof; + 0,(1)

i#]

1 - * *
=—tr Zfif:anJ—ijBm + 0,(1). (B.1)
i,j=1

i#]

Here, when the null hypothesis 1, = BB = O is true, B}; B}, = O. There-
fore, when the null hypothesis is true, B]; and BJ, can be simultaneous diag-
onalization. In other words, an appropriate orthogonal matrix H that satisfies
the following decomposition exists

B!, =HA,H' B}, = HA»,H ',
where

A - ( A Og, 4, > Ay — ( Oa,.a; Ouyd, )
O4,,0, Oaydr )’ Og,.0, Ao ’

Under (A4), because the distribution of f; is invariant under any orthogonal
transformation, the principal term in (B.1) follows the same distribution as:

1 - TR TR
—tr z:: £if,T AL £ Ao

i#]
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We let V; = fif] —1;, W = n-1/2 > Vi, and z = vec(W). As ANy =
Ao A1 = O under the null hypothesis, the main term can be rewritten as follows:

1 - TA TA 1 - A A
~tr fo Afif Ay | =—tr ZﬂviAlvjAQ
i#) i#

T (Kl ® Kz) z
_ %ZH: {tr(xlviKQVi) - tr(xl)tr(jh)}

— tr(Aq)tr(Ay)
= (7\1 ® Kg) 7 — tr(A1)tr(As) + 0, (1).
From CLT, under (Al)-(A4),
Z ~ Ngz (0,12 + Kyz) (n,p1,p2 — 00).
From the above discussion, under (A1)—(A4) and H,

S .
n”p;j'F + tr(Ar)tr(Asz) ~ z' (T2 + Kgz) (A1 ® A2> z (n,p1,p2 — 00),
172
(B.2)

where z ~ N(0,1,2). Furthermore, because (L2 + Kg2)(A; ® A) is a lower-
triangular matrix, the eigenvalue of (Iz2 + Kdz)(xl ® 1~X2) is A1jhg; for i €
{1,...,d1},7 € {1,...,d2}. As the distribution of z is invariant with respect
to any orthogonal transformation, the quadratic form in (B.2) converges to
a weighted chi-square distribution with Ai;A2; as a weight. Therefore, under

(A1)~(A4),

n 5\2 dl d2
”171;22”1: + tr(Al)tr(AQ) e Z ZAM)\QJX’?] (n7p17p2 — OO) (B?’)
i=1 j=1

From (A.1) and ||Egg||F/pg = HAQHF +o(1),

n||12l|%/ (p1p2)
A1l Azl F

Theorem 2 is proven by applying Slutsky’s theorem to (B.3) and (B.4).

nMRViy = + Op(l) (n7p17p2 — OO) (B4)

C. Proof of Theorem 3

The difference between the random variables in Theorem 2 and T is given
by:

—

tI‘(Al)tI‘(Ag) tI‘(Al)tI‘(Ag) tI‘(Al)tI‘(Ag)
nM RV, —— T = — . (C1
12 + tr(A2)tr(A2) Vir(A2)tr(A2) \/t® D (C.1)
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Using Lemmas 1 and 2 in [8], the following two properties are established.

~

1. Under (A1)—(A4), Ag; = Agi +0,(1) fori € {1,....d,}, g € {1,2}.

2. There exists ¢, € (0,1] such that Pr(cig = dy) — 1 under (Al)-(A4),
for any igmax € (dg, |cg min(py,n)| — dgy — 1], where [-| denotes the floor
function.

These two properties yield the following conclusions. Under (A1)—(A3),

tr(Ay) = tr(Ag) +0p(1), tr(A2) = tr(A2) + 0, (1). (C.2)
By integrating (C.1) and (C.2) under (A1)-(A3), we obtain
tr(Al)tr(Ag)
nMRVlg —_—— T = Op 1). C.3
N W 9

Theorem 3 is proven by integrating Theorems 2 and (C.3).

D. Proof of Theorem 4
Under fixed alternative Ap and (Al)-(A4),

ﬁ(Mvaz — PV12) = PV12{VGC(E)}TE + Op(l)a (D~1)
where
2 2
P1P2 * * * * pl *2 p2 *2
E— B:,B* + B BL) — _ .
15z BB T BuB:) — g Bl — s 2B

Additionally, from the central limit theorem, because the distribution of z con-
verges to Mgz (0,152 + Kg2), the first term on the right-hand side of (D.1) con-
verges to a normal distribution with mean 0 and variance 2pV%tr(E?). Here,
2tr(E?) is expanded as follows.

pilBilE | palBslE | pivstr{(B1B5y)°} + tr(BI1B;)

2tr(E?) =2 +2
121 [1% | 322|% [312|%
2pip3tr(BiiB53)  4pipatr(BiiB3,)  4pipitr(BBY,)
1311|5222 1% 121115121215 [ B22|F 1321 1%

Therefore, Theorem 4 is proven.

E. Proof of Corollary 1

We verify that £, is a consistent estimator of t,, where t, is (1—a)-quantile of
the weighted chi-squared distribution in (2.3). Therefore, we need only evaluate
Pr(T > to|Ar). From Theorem 4, under (A1)-(A4), we obtain

ta  tr(Atr(A2)  VnpVio +0o(1)
ovn gy /ntr(A?)tr(A3) g
=1 = (—00) +0(1) = 1+ o(1).

Therefore, Corollary 1 is proven.

Pr(T > to|Ap) =1 — & <
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F. Proof of Theorem 5

First, we derive stochastic asymptotic expansion of n||X12||%/(p1p2). Under
(A1)—(A4) and Ay,

SSE e I
wZelE | aye(an) <a €74 et MERlE L ) (F.1)
P1P2 p1p2
where
~ 1

~ n
(B/B1) ® (B, By), ¢ = vn vec(B B1B, By + B, BoB{ B)).
Pip2 P1p2

C:

The first term on the right-hand side of (F.1) is always O,(1) regardless of
n = 1/2 and n > 1/2. The variance of the second term can be evaluated as
follows:

var(€77) = |tr{(B] BiB] B2)*} + tr{(B] B1)*(B] B2)?}]

2
1 2
_4n
——tr{(B] BiB; By)?}
1p

——M(B{ B1)A\i (B, Bo)tr(B{ B, B, By)
2

=4n'721{tr(E%) + M1 (B A1 (B32) A} + o(1) = O(n' 7).

2

4dn
+ 5
1

The third term is evaluated as n||X12|%/(p1p2) = n'~2"A + o(1). Therefore,
the second and third terms on the right side of (F.1) are related to n = 1/2 and
n>1/2.

Under Aj, and 7 > 1/2, because n||X12]|%/(p1p2) = o(1) and var(c'z) =
o(1), the second and third terms on the right side of (F.1) are negligible.
Additionally, from the central limit theorem, z is asymptotically distributed
Nz (0,142 + Kgz2). Therefore, under (A1)-(A4), Az, and n > 1/2,

—_—
n|| 12|

+ tr(Aq)tr(Ag) ~ z' C*z, (F.2)
pP1p2

where C* = B, @ B,.

Under Ay, and 1 = 1/2, because n||X12]|%/(p1p2) < 1 and var(¢'z) < 1, the
second and third terms on the right side of (F.1) are nonnegligible. Therefore,
under (A1)-(A4), Ap and n =1/2,

Sl -
M +tr(Atr(Ag) ~ 2z C'z+ ¢ Tz + A, (F.3)
p1p2
where

I

[
+
[



Furthermore, from (A.1) and the basic properties of the stochastic conver-
gence under (A1)—(A3),

n||Z12)|%/ (p1p2)
|A1]|Fl|AzllF

Theorem 5 is proven by integrating (F.2)—(F.4).

nMRVyy = +o0,(1). (F.4)

G. Proof of Corollary 2

We verify that t, is a consistent estimator of ¢, where t,, is (1 —a)-quantile
of the weighted chi-squared distribution in (2.3). Therefore, we only evaluate
Pr(T > to|ApL).

From Theorem 5, under (Al)—(A4) and n =1/2,

Pr(T > to|AL) =G{ta — A/([[A1]Fl|A2][)} + o(1).

Under Aj,
1 1 n 1
— B/B;BJB:| <— | —BIBB]B;~E| + &,
D1D2 N7 P1P2 poon

=0(1) (n,p1,p2 — 00).

Therefore, |B};B3,||lr = o(1) holds under Ay. Because B];B3, = B5,B]; =
O, B}, and B}, can be diagonalized simultaneously. Therefore, z" C*z shows
the same asymptotic distribution as in (2.3). The asymptotic distribution of
T under Ay, and n > 1/2 is similar to that of T under the null hypothesis H,
Hence the asymptotic power is equal to a.
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