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ABSTRACT. Let F be a smooth function of two variables which is zero at (0,0) and
positive on a punctured neighborhood of (0,0). Then the function exp(—1/F) is
smoothly extended to (0,0) and then the origin o of R® is an umbilical point of its
graph. In this paper, we shall study the behavior of the principal distributions around
o on condition that the norm of the gradient vector field of log F is bounded from
below by a positive constant on a punctured neighborhood of (0,0).

1. Introduction

Let S be a surface in R® and py an isolated umbilical point of S. Then
the index of py on S is defined by the index of p, with respect to a principal
distribution.

It is known that if S is a surface with constant mean curvature and if S is
connected and not totally umbilical, then each umbilical point of S is isolated
and its index is negative ([Ho, p139]); if S is a special Weingarten surface, then
the same result is obtained ((HaW]).

It has been expected that the index of an isolated umbilical point on a
surface is not more than one. We call this conjecture the index conjecture. In
relation to the index conjecture, the following two conjectures are known:
Carathéodory’s conjecture and Loewner’s conjecture. Carathéodory’s conjec-
ture asserts that there exist at least two umbilical points on a compact, strictly
convex surface in R3. If the index conjecture is true, then we see from Hopf-
Poincaré’s theorem that there exist at least two umbilical points on a compact,
orientable surface of genus zero, and this immediately gives the affirmative
answer to Carathéodory’s conjecture. Let F be a real-valued, smooth function
of two real variables x, y, and set 0z := (0/dx +/—13/dy)/2. Then Loewner’s
conjecture for a positive integer n € N asserts that if a vector field
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has an isolated zero point, then its index with respect to this vector field is not
more than n ([K], [T]). Loewner’s conjecture for n = 1 is affirmatively solved;
Loewner’s conjecture for n =2 is equivalent to the index conjecture. We
may find [B], [GSaB], [SX1], [SX2] and [SX3] as recent papers in relation to
Carathéodory’s and Loewner’s conjectures.

Let g be a homogeneous polynomial of degree k in two variables such that
on its graph, the origin o := (0,0,0) of R® is an isolated umbilical point. In
[Al], we studied the behavior of the principal distributions around o on the
graph of g. In particular, we showed that the index of o is an element of
{1 —k/2+i}£1;/02]. In [A2], we studied the behavior of the principal distri-
butions around each of an isolated umbilical point of the graph of g and the
point added to the graph by the one-point compactification for the graph.

In [A3], we have studied the behavior of the principal distributions around
an isolated umbilical point on a real-analytic surface. Let F be a real-analytic
function on a neighborhood of (0,0) satisfying

oF oF
F(0,0) 75(0’0) 75(0’0) =0
and the condition that o is an isolated umbilical point of its graph. Then there
exists a real number ar € R satisfying

F(x, ) = ar(x* + %) /2 + o(x* + 7). (1)
Let o be a function defined by
0 if arp = 0,

or = 1 ar| |1 2 2
——— 5= if 0.
arar \|a (x*+y7) if ar #

Then we obtain F # o and we see that there exist an integer kr = 3 and a
nonzero homogeneous polynomial g of degree kr such that all the partial
derivatives of F — gr — gp of order less than kr + 1 vanish at (0,0). In [A3],
we have proved that if o is an isolated umbilical point of the graph of gp, then
the index of o on the graph of F is not less than the index of o on the graph
of gr and not more than one. In addition, we have proved that if the graph
of F is special Weingarten, then the index of o is equal to 1 — kp/2. In [A4],
we have described a similar discussion on the graph of a smooth function with
such coefficients as the above F has in Taylor’s formula.

On the other hand, there exists a nonconstant smooth function such that
its coefficients are not helpful. For example, a smooth function

exp(—1/(x* +%))
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defined on R*\{(0,0)} is smoothly extended to (0,0) and then we see that
all the coefficients at (0,0) vanish and that o is an umbilical point of its
graph.

Let / denote a positive integer or oo and %*! the set of the smooth
functions on a connected neighborhood of (0,0) in R? such that all the coef-
ficients of order less than / vanish at (0,0). The following hold:

(g(w‘l) - (g(oo,lJrl) S (g(gw,w) 2 {0},

o o

where /e N. For /e NU{oo}, let %g_ﬁ’” be the subset of % (™! such that each
element of %ﬁi’” is positive on a punctured neighborhood of (0,0). For a
positive number a > 0, we set

Ey(a) := a, Ei(a) :=exp(—1/a).
In addition, we set
E,(a) := E\(E\,-1(a))

for each v € N inductively. Then for F € (w”(foi D and ve N, the smooth function

E,(F) defined on a punctured neighborhood of (0,0) is smoothly extended to
(0,0) and then we see that E,(F) is an element of %(im) and that o is an
umbilical point of its graph. The purpose of this paper is to study the behavior
of the principal distributions around o on the graph of E,(F) for F e(gtffi’/)
such that the norm of the gradient vector field of log F is bounded from below

by a positive constant on a punctured neighborhood of (0,0).

We set
lgrady| = &_F2+0_F2
gradrl = 0x oy)

THEOREM 1.1. Let F be an element of (gﬁ " such that for each ¢ > 0, there
exists a punctured neighborhood of (0,0) on which |gradg|/F > ¢ holds. Then
o0 is an isolated umbilical point with index one on the graph of E,(aF) for any
veN and any a > 0.

We shall prove

ExampPLE 1.2. For /€N, let 2’ be the set of the homogeneous poly-
nomials of degree / in two variables and set @l = ! mfg,ﬁﬁ” For example,
x%+ y? is an element of #2. Let F be an element of ‘60("1 " for I € N such that
there exists an element geg’l satisfying F —ge‘go(m'l“). Then for each
¢ > 0, we may find a punctured neighborhood of (0,0) on which |grad|/F > ¢
holds. Therefore we see from Theorem 1.1 that o is an isolated umbilical
point with index one on the graph of E,(aF) for any ve N and any a > 0.



4 Naoya ANDO

ExampPLE 1.3. Let F be an element of (o”o(oi " such that its graph is locally
strictly convex at each point, where a surface S is called locally strictly convex
at a point p € S if there exists a punctured neighborhood of p in S which does
not share any point with the tangent plane at p. For each 6 R, we set

D f;0)(r) := F(rcos 0,r sin 0)

for each re (—ro, 1), where ro is some positive number. Then d® . /dr is
increasing. Therefore for any r e (0,r), the following hold:

"dd . dd .
Dp.0)(r) = J % (s)ds <r C;F'(D (r) =< rlgradg(r cos 6, r sin 6)|.
0 A r

Then we see that for each ¢ > 0, there exists a punctured neighborhood of
(0,0) on which |gradp|/F > ¢ holds. Therefore we see that o is an isolated
umbilical point with index one on the graph of E,(aF) for any v e N and any
a>0.

REMARK 1.4. Our discussions in [Al]~[A4] crucially depend on coef-
ficients of functions; in order to show that the function in Example 1.2
satisfies the assumption in Theorem 1.1, we again depend on coefficients of the
function. However, in Example 1.3, we do not depend on coefficients of the
function.

ExampLE 1.5. Let F be an element of %fﬁ"l) such that |grady|/F > Cy
holds for some Cy > 0 on a punctured neighborhood of (0,0). Then noticing

jgradpr)| 1 Jgrad|
E\(aF) aF F

for any a > 0, we see that for each ¢ > 0, there exists a punctured neigh-
borhood of (0,0) on which [gradg, ,z)|/E1(aF) > ¢ holds. Therefore we see by
Theorem 1.1 that o is an isolated umbilical point with index one on the graph
of E,41(aF) for any ve N and any a > 0. We also see that Theorem 1.1 for
v =1 implies Theorem 1.1 for any ve N.

In addition, we shall prove

THEOREM 1.6. Let F be an element of ‘&Eﬁ” such that |gradg|/F > Cy
holds for some Cy >0 on a punctured neighborhood of (0,0).

(@) If 1 =3, then o is an isolated umbilical point with index one on the
graph of E\(aF) for any a > 0;

(b) If there exists a nonzero g€ P* satisfying g =0 on R?, g¢ ?_& and
F— ge%f“‘”, then there exists a positive number ap >0 such that o is an
isolated umbilical point with index one on the graph of E\(aF) for any a € (0, ap).
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ExampPLE 1.7. Let F be an element of %O(Oil) such that |grady|/F > Cy
holds for some Cy > 0 on a punctured neighborhood of (0,0). If

F(x,y) =y*+o((x* + %)),

then we see from (a) of Theorem 1.6 that o is an isolated umbilical point with
index one on the graph of Ej(aF) for any a > 0. If

F(x,p) =" +o(x* + %),

then we see from (b) of Theorem 1.6 that there exists a positive number ag > 0
such that o is an isolated umbilical point with index one on the graph of
Ei(aF) for any a€ (0,ap); we have not succeeded to grasp the behavior of
the principal distributions around o on the graph of Ej(aF) for a large a > 0
yet.

After Section 2 for preliminaries, we shall prove Theorems 1.1 and 1.6
in Section 3. In [A2] and [A3], we have studied the limit of each principal
distribution toward an isolated umbilical point along the intersection of a
surface with each normal plane at this point. In Section 4, we shall make
a similar study on the graph of E,(«F) and find another phenomenon than
those which appear in [A2] and [A3].

2. Preliminaries

Let /" be a smooth function of two variables x, y and G, the graph of f.
We set f,:=0df/0x, f,:=0f/0y and

Er =14/ F=ff, Gr=1+f7.

The first fundamental form of Gy is a symmetric tensor field I, on Gy of type
(0,2) represented in terms of the coordinates (x, y) as

I; := Ep dx* + 2F; dxdy + Gy dv?,

where
1
dx? ;= dx @ dx, dxdy :zz(dx@)dy—&—dy@dx), dy* .= dy ® dy.

We set fi, := 0f/0x%, fu, = 0°f/dxdy, f,, := 0*f/dy* and
Sox Sy . Sy

by M ey VT ey

where det(ly) := EfGy — Ffz. The Weingarten map of Gy is a tensor field Wy
on Gy of type (1,1) satisfying
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UEMON

E FN'(L My
W= _ : ' .
' Fy Gr) \My Ny
A principal direction of Gy is a one-dimensional eigenspace of Wy. A point
of Gy is called umbilical if at the point, W, is represented by the identity
transformation up to a constant. By the symmetry of W, with respect to I,
we see that at each non-umbilical point, there exist just two principal direc-
tions, which are perpendicular to each other with respect to I,.

Let PD; be a symmetric tensor field on Gy of type (0,2) represented in
terms of the coordinates (x, y) as

where

PD, := 1 {4y dx* + 2By dxdy + Cy dy*},
det(Iy)

where
A= EfMy — FyLy, 2B :=ENy - GrLy,  Cp:=FyNy — Gy My.

Then for tangent vectors vy, vy,

1 PD o @
3 X AWy =R (8 2.
202 det(ly) \ox o

Therefore we obtain

ProposITION 2.1 ([A3]). A tangent vector vy to Gy is in a principal direc-
tion if and only if PDy(vo,vo) = 0 holds.

Let Dy, Ny be symmetric tensor fields on Gy of type (0,2) represented in
terms of the coordinates (x, y) as

Dy = fiy dX* + (fyy — frx)dxdy — fry dv?,
Np = (S fd = fofy fr)dx®
(S d = FctD)xdy + (fefofy = ot ).
Then det(I;)PD; = Dy + N;. For a tangent vector v, we set
Dy(v) :=Dy(v,v),  Ny(v) := Ny(v,v),
PDy (v) = PDy(v, ).
We set
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grad, := (;j) grad} = <}{}), Hessy := (ﬁj gi)

For ¢ e R, we set

Uy = <C.OS¢>, Uy ::cosqﬁa—aersin(/ﬁ%.

sin ¢

Let {,) be the scalar product in R>. Then we obtain
Lemma 2.2 ([A3]). For any ¢ €R,
D/ (Uy) = (Hess; tty, tyn/2,

N/ (Uy) = <gradf,u¢><grad;,Hessf Ugy.

3. Proof of Theorems 1.1 and 1.6

Let F be an element of (K(Sﬁ‘”. We set

F) o 1 if v=0,
E) =\ E(F) i veN.

Then by induction with respect to ve N, we obtain

LemMma 3.1. For any veN,

E,\(F)

gradg, Fz,(v F) gradp,
F

Hessg,(r) = 77 (1()F) Hessr

E,(F =1 - 2E(F F2 F.\F,
L (F) 3 (F) \ ).
Fay, 1 (F) \ 4 1i(F) F\F, F)

i=0
By Lemma 2.2 together with Lemma 3.1, we obtain

LemMa 3.2. For any veN,

E,(F) =
E,(F) ({R2E(F) -1 |
: Fir-1(F) (Z(; 1i(F) ><gradF’u¢><gradF7u¢>,
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Suppose that there exist positive numbers Cy, ry > 0 satisfying
lgradg| > CoF >0

on {0 < x?+y*<r3}. Let ¢y be a continuous function on (0,r9) x R such
that grady(r cos 0,r sin 0) is represented by uy_ (- 9 up to a positive constant for
any (r,0) € (0,r9) x R. By Lemma 3.2, we see that for any (r,0) € (0,ry) x R,

det(IE‘,(aF))ls\]jE,,(aF) (Ulﬁ)(:ﬁE“(aF) (U¢) + IiIE.,(aF) (U¢))

E,(aF - 1/ EJ(aF) \-
- azFZx(\,al()aF) {aDF(U‘” *a (szv(ia)F)) Nr(Uy)

jgrad,|’

m Y,—1(aF) sin 2(¢ — yp(r, H))}

holds at (rcos 0,rsin §), where ve N, a >0 and

— Xv—1 (LIF)

Yo-rlab) = “ xi(aF)

(2Ei(aF) — 1).

Therefore we see that at (rcos0,rsin0), Uy is in a principal direction of
Gg,r) if and only if the following holds:

2

1 |gradg|?

3 S Yo (aF) sin 29 — v (r,0)) = 0. 2)

We notice the following:
(a) There exists a positive constant C; > 0 satisfying

%_1(aF)|Dp(Uy)| < Cy

on a neighborhood of (0,0) and for any ¢ € R;
(b) for each positive number ¢ > 0, there exists a neighborhood of (0,0)
on which the following hold:

E,(aF)

— = < &
levfl(aF)

|Yo—1(aF) + 1| <e.

ProoF oF THEOREM 1.1. Suppose that for each ¢ > 0, there exists a punc-
tured neighborhood of (0,0) on which |gradg|/F > ¢ holds. Then noticing
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(2) and the above (a), (b), we see that for each positive number & > 0, there
exists a number p, € (0,ry) such that for each (p,0) € (0,p,) x R, there exists
the only one number ¢, (,p)(p,0) satisfying

‘¢Ev(aF)(p’0) —lﬁF(p79)| < & (3)

and the condition that at (p cos 0, p sin 0), Uy, wr)(p,0) 18 in @ principal direction
of Gg,(ur). Therefore we see that o is an isolated umbilical point on Gg, .r)
and that ¢ ,r) is continuous on (0,p,) x R. Roughly speaking, around o, a
principal distribution is approximated by the gradient vector field of F. The
index ind,(Gg,(ur)) of 0 on Gg,r) is represented as follows:

PEar) (P 0+ 27) — dg (r) (p, 0)
2n '

ind, (GE‘, (aF) ) =

Noticing (3) and that the index is represented as the half of an integer, we
obtain

1nd0<GE\(aF)) — lpF(p7H+2;_-2_l//F(p’ 0) (4)

We set

m(p,) := { 2ini’n . F(x, ).
x24y2=p;s

Then m(p,) > 0. Noticing that grad, does not vanish on {0 < x? +y* < r2},
we see that the set

Cn i={(x,y) e R% X7 + > < pg, F(x,y) = m}

for m e (0,m(p,)) is a connected and simple closed curve such that the bounded
domain contains (0,0). Therefore by (4), we obtain

indD(GE‘,(,,F)) =1.
Hence we obtain Theorem 1.1. O

PrOOF OF THEOREM 1.6. Suppose / = 3. Then for each positive number
e >0, we obtain

IDr(Uy)| <&

on a neighborhood of (0,0) and for any ¢ € R. Therefore noticing (2) and
the above-mentioned (b), we obtain the same result as in Theorem 1.1. Sup-
pose that there exists a nonzero g e #? satisfying g =0 on R?, g¢,@f and
F—ge (g(fm*3). Then Hessyp is not represented by the unit matrix up to any
constant at (0,0). Therefore noticing (2) and the above-mentioned (a), (b), we
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may find a positive number ay > 0 such that for any a € (0,ap), o is an isolated
umbilical point on Gg ). In addition, we may obtain ind,(Gg,r)) =1 for
any a e (0,ap) in the same way as in the proof of Theorem 1.1. Hence we
obtain Theorem 1.6. O

4. On representation of the index

The purpose of this section is to study the limit of each principal distri-
bution toward o along the intersection of the graph of E,(aF) with each normal
plane at 0. In order to do this, we shall firstly introduce some terms.

Let p, be a positive number and ¢ a continuous function on (0, p,) x R.
Then ¢ is called admissible if there exists a number ind(¢) satisfying

é(pv 0 + 27[) - f(pa 0)
2n

ind(¢) =

for any (p,0) € (0,p,) x R and if there exists a discrete subset X of R satisfying
the following:
(a) For each 6y € R\X, there exists a number &,(6)) satisfying

lim &(p, 0y) = &,(00);
p—0

(b) For each 6y € R, there exist numbers &,(6y + 0), &,(6y — 0) satisfying

and in addition, if 6y € R\, then the following hold:
50(00 + 0) = 60(00 - O) = 60(90) (5)

Suppose that ¢ is admissible. Then the number ind(&) is called the index of &.
The minimum of such sets as X' is denoted by X and each element of X is
called a singular argument of £. A singular argument 6y of & is just a number
for which (5) does not hold. Noticing the definition of ind(&), we see that if
Oy € Ze, then Oy +2nne X for any neZ. From &£, we may obtain a con-
tinuous function f: on R such that on each connected component of R\Z¢,
B: — &, 1s constant. Such a function as f; is called a base function of ¢.
There exists a number ind(f;) satisfying

iy 0010

for any 0eR. The number ind(f;) is called the index of .. For each
90 € Zé,
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ré,o(OO) = 50(00 + 0) - 6(1(00 - 0)

is called the gap of ¢ in 6y. The index ind(&) is represented as follows:

ind(f):ind(ﬁé)—kzi S Teo(bh). (6)

0o ng'ﬂ[o, 0+27'E)

ExaMPLE 4.1. Let g be an element of 2/ and 1, a continuous function
on R such that u, ) is an eigenvector of Hessg(cos\ 0,sin §) for any 6 €R.
Suppose that on G4, o is an isolated umbilical point. Let p, be a positive
number such that on {0 < x?+ y? < p3}, there exists no umbilical point of
G, and ¢, a continuous function on (0,p)) x R such that for any (p,0) e
(0,p0) xR, Uy (50 is in a principal direction of G, at (pcosb,p sin0).
Suppose that g depends only on x>+ y?. Then each of two vector fields
x0/0x + yd/0y, —y0/dx + x0/0y is in a principal direction at any point of G,.
Therefore ¢, is admissible; a base function of ¢, is given by 6 and there exists
no singular argument of ¢,. Suppose that g does not depend only on X%+ 2.
Then / = 3, and ¢, is admissible; a base function of ¢, is given by 7,; a number
0p is a singular argument of ¢, if and only if Hess,(cos 0, sin tp) is represented
by the unit matrix up to a constant; the gap I ¢w0(00) for each 6, 2y, is equal
to —m/2 ([A2]), and the index of ¢, is just the index of o on G,.

ExaMpLE 4.2. Let F be a real-analytic function on a neighborhood of
(0,0) satisfying
oF oF

F(0,0) = 5 (0,0) = 70,0 =0

and the condition that on Gp, o is an isolated umbilical point. Let p, be a
positive number such that on {0 < x?+ % < p2}, there exists no umbilical
point of Gp and ¢, a continuous function on (0,p,) x R such that for any
(p,0) € (0,py) xR, Uy,(,.p is in a principal direction of Gr at (p cos 0, p sin 0).
Then ¢ is admissible; a base function of ¢ is given by 7,,, where gr is as in
Section 1; at any singular argument 0y of ¢, Hess,, (cos 0p,sin 0y) is repre-
sented by the unit matrix up to a constant; if o is an isolated umbilical point of
Gy, then the gap Iy, ,(0p) for each Oy € X, is equal to —n/2, 0 or n/2 ([A3]),
and the index of ¢ is just the index of 0o on Gp. Suppose that o is not any
isolated umbilical point of G,,. Then it is in general very difficult to grasp
Iy, 0(0p) for 0y e Xy.. The author considers that this difficulty is just the thing
which prevents us from solving the index conjecture (see Section 1) on a real-
analytic surface. In relation to the index conjecture, the following holds: if
Iy,.0(00) <m for any 0y € Xy,, then ind(¢z) =1 ([A3]).
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ExampLE 4.3. Let F be an element of (6500‘2) such that on Gg, o is an
isolated umbilical point. Then there exists a real number ar € R satisfying (1).
We obtain F # gp. If F—or ¢ 6™ *), then F has properties as in Example
4.2 ([A4]).

ReMARK 4.4. In [A3], we presented one way of computing the index
ind(n,) of 5, for each ge?! and | = 3.

REMARK 4.5. Noticing that at any non-umbilical point of a surface, the
two principal directions are perpendicular to each other with respect to the first
fundamental form, we see that if a principal distribution around an isolated
umbilical point on a surface is given by an admissible function, then the other
principal distribution is also given by another admissible function.

ExaMPLE 4.6. Let F be an element of fﬁ,ﬁﬁ” such that grad, does not
vanish on {0 < x2 + »? < p3} for some p, >0 and Y, a continuous function
on (0,p,) x R such that grady(p cos 0, p sin 0) is represented by u_(, 9 up to a
positive constant for any (p, 8) € (0,p,) x R.  Suppose that there exists a non-
zero g € 2 satisfying F — g € %fw*”'l). Then g = 0. Let , be a continuous
function on R such that grad,(cos 0,sin 0) is represented by Uy, (o) up to a
constant for any 0 € R and Z, the set of the numbers such that g(cos 0y, sin 0p) = 0
holds for each 0y € Z,. We see the following: ) is admissible; a base func-
tion of Yy is given by ,; the index of y, is represented as

ind(y,) =1-#{Z,N[0,0 +n)}, (7)

and any singular argument of ¥ is an element of Z,. Let 6y be an element
of Z,. We set 0p=0. Then y,(0)e {(2i+ 1)n/2}, 5. Therefore noticing
g =0, we see that there exist integers n,n_ € Z satisfying

Vr,o(£0) = (4ny + Dr/2.
Let & be a positive number satisfying
ZyN[—e, 6] = {0}
and J.,0_ elements of (0,p,) satisfying
F(04 cos &,0 sin &) = F(0_ cos &, —0_ sin &) (=:my).

As we have seen in the proof of Theorem 1.1, if my < m(p,), then the con-
tour line C,, is a connected, simple closed curve such that the bounded
domain contains (0,0). Therefore noticing that C,, contains the two points
(04 cos &,04 sin &), (d_ cos &, —J_ sin &) and that f,d/0x + f,0/0y is normal
to C,, at any point of C,,, we obtain n, =n_ and 0e 2, (see Figure 1).
Therefore we obtain X, = Z, and
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Ciy

A\ 4

. d
f,rg"'

52

dy —&o

Fig. 1. ExamPLE 4.6

E//F,G(HO) =T (8)

for any 0yeXy,. By (6), (7) and (8), we obtain ind(y;) =1. This means
that the index of (0,0) with respect to f.0/dx + f,0/0y is equal to one and does
not contradict the proof of Theorem 1.1.

Let F be an element of %Eﬁ’l) satisfying |gradg|/F > Cy for some Cy > 0
on a punctured neighborhood of (0,0). Suppose / = 3. Then Theorem 1.6
says that o is an isolated umbilical point of Gg, () for any a > 0. Let p, be
a positive number such that on {0 < x>+ y? < p3}, there exists no umbilical
point of Gg,r) and ¢, a continuous function on (0,p,) x R such that
for any (p,0) € (0,p,) X R, U¢El o) (P20) is in a principal direction of Gg, () at
(pcos 0,psin 0). Referring to the proof of Theorem 1.6 and Example 4.6, we
obtain

PROPOSITION 4.7. Suppose that there exists a nonzero g€ P satisfying
F—ge® ™). Then the following hold:
(@) @, (ur) is admissible;

(b) a base function of ¢, .r) is given by
(C) 2 P ar) — Zg;
(d) the gap T, b, W),O(Oo) is equal to m for any 0y EZ¢EI -

REMARK 4.8.  Suppose / =2. Then for a suitable a > 0, ¢, (,p) Is admis-
sible; Xy, . =Zg, and I}y, ,(0) = m for any 0o € Xy, . However, a base
function of ¢, ) may not be given by y, for any a > 0.

REMARK 4.9. For any /=2, any veN and any a >0, ¢ () has
properties as (a)~(d) in Proposition 4.7.
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