
Hiroshima Math. J.

32 (2002), 431–462

On upper and lower bounds of rates of decay for nonstationary

Navier-Stokes flows in the whole space

Dedicated to Professors Masayasu Mimura and Takaaki Nishida

on the occasion of their 60th birthdays

Tetsuro Miyakawa

(Received June 7, 2001)

(Revised November 2, 2001)

Abstract. Upper and lower bounds of rates of decay in time are studied for non-

stationary Navier-Stokes flows in Rn with the aid of Besov spaces in which the solutions

exist for all time. It is shown that there is a Besov space, with norm k � k, in which the

solution uðtÞ satisfies the estimate 0 < ca kuðtÞka c 0 for all tb 0 provided the initial

velocity satisfies suitable moment conditions. Our argument is then applied to the

analysis of flows with cyclic symmetry, introduced by Brandolese [3], and it is shown

that these flows decay more rapidly in space and time than proved in [3]. However, the

existence of a lower bound as mentioned above remains open for such flows.

1. Introduction and results

This paper continues the previous works [4, 8, 9, 11] on the asymptotic

behavior as t ! y of nonstationary Navier-Stokes flows u ¼ ðujÞnj¼1 in Rn,

nb 2, which are governed by the integral equation:

uðtÞ ¼ e�tAa�
ð t
0

e�ðt�sÞAP‘ � ðun uÞðsÞds; tb 0:ðIEÞ

Here, ‘ ¼ ðq1; . . . ; qnÞ, qj ¼ q=qxj, ‘ � ðun uÞ ¼ ð
P

j qjðujukÞÞ
n
k¼1; u ¼ ðujÞnj¼1 is

unknown velocity and a ¼ ðajÞnj¼1 is a given initial velocity, both of which are

required to satisfy the divergence-free condition

‘ � u ¼ 0; ‘ � a ¼ 0:

A ¼ �D is the Laplacian on Rn, e�tAa ¼ Et � a is the convolution with the heat

kernel

EtðxÞ ¼ ð4ptÞ�n=2
e�jxj2=4t;
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and P ¼ ðPjkÞ is the Fujita-Kato bounded projection onto the divergence-free

vector fields. As shown in [4, 9], the operator e�tAP‘� has the kernel function

Fl; jkðx; tÞ ¼ qlEtðxÞdjk þ
ðy
0

qjqkqlEsþtðxÞds;ð1:1Þ

so that each component of the vector-valued function e�tAP‘ � ðun uÞ is

written as

½e�tAP‘ � ðun uÞ�j ¼
ð
Fl; jkðx� y; tÞðukulÞðyÞdy; j ¼ 1; . . . ; n:

Hereafter, we employ the summation convention and integration with respect

to the spatial variables will be performed over the whole space Rn unless other-

wise specified.

In [4, 8, 9, 10, 11] we studied asymptotic behavior as t ! y of weak and

strong solutions u in various Lq spaces, 1a qay, assuming thatð
ð1þ jyjÞjaðyÞjdy < y;ð1:2Þ

and proved, among others, the following result.

Theorem 1.1. (i) Let a A Ln satisfy (1.2) and suppose a is small in Ln

in case nb 3. Then there uniquely exists a global strong solution u of (IE)

satisfying

lim
t!y

tðn=2Þð1þ1=n�1=qÞ
����ujðtÞ þ ðqkEtÞð�Þ

ð
ykajðyÞdyð1:3Þ

þ Fl; jkð� ; tÞ
ðy
0

ð
ðukulÞðy; sÞdyds

����
q

¼ 0

for j ¼ 1; . . . ; n and 1a qay, with k � kq the Lq-norm. If nb 3 and if a A L2

satisfies (1.2), there exists a weak solution u of (IE) which satisfies (1.3) for all

1a qa 2.

(ii) Under the same assumptions on a as above, we have

0 < c0 a tðnþ2Þ=4kuðtÞk2 a c1 for large t > 0

with appropriate constants c0 and c1, if and only ifð
yjamðyÞdy;

ðy
0

ð
ðukulÞðy; sÞdyds

� �
0 ð0; cdklÞ for all cb 0:ð1:4Þ

(iii) Let a satisfy (1.2) and

jaðyÞjaC0ð1þ jyjÞ�n�1:
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Then the corresponding strong solution u satisfies

juðx; tÞja ckð1þ jxjÞk�n�1ð1þ tÞ�k=2
for all 0a ka nþ 1:ð1:5Þ

Furthermore, if
Ð
jyjnjaðyÞjdy < y, then we have

lim
t!y

tðn=2Þð1þm=n�1=qÞ

������ujðtÞ �
X

1ajajam

ð�1Þjaj

a!
ðqa

xEtÞð�Þ
ð
yaajðyÞdyð1:6Þ

þ
X

jbjþ2pam�1

ð�1Þjbjþp

p!b!
ðqp

t q
b
xFl; jkÞð� ; tÞ

ðy
0

ð
spybðukulÞðy; sÞdyds

������
q

¼ 0

for 1a qay, j ¼ 1; . . . ; n and m ¼ 1; . . . ; n.

(iv) Let n ¼ 3; 4 and let a satisfy
Ð
ð1þ jyjÞn�1jaðyÞjdy < y andÐ

ð1þ jyjÞnjaðyÞj2dy < y. Then there is a weak solution u which satisfies (1.6)

for 1a qa 2 and m ¼ 1; . . . ; n� 1.

Assertions (i) and (iv) are proved in [4], and assertion (ii) in [11]. Assertion

(iii) was proved in [4] under more stringent conditions on a as employed

in [9]. We show in Section 6 that these conditions can be relaxed to the

form stated in (iii). See also [20] for (1.5) with k ¼ nþ 1. Results of [9] are

reproduced in [10] under weaker assumptions on initial data a.

In this paper we extend the above results to those in the following function

spaces:

X q ¼ Lq; 1a qay;

X q ¼
_BB
nð1�1=qÞ
1;1 ; 0 < q < 1; q0 n

nþm
; m A N;

_BB�m
1;y; q ¼ n

nþm
; m A N;

(ð1:7Þ

where _BB s
p;q stands for the homogeneous Besov spaces modulo polynomials ([1,

17, 18]). These spaces were employed in [8, 9] as an extrapolation of the scale

of Banach spaces Lq to q < 1. The norm of X q will be denoted by k � kq.
Note that (see [3, 8]) since ‘ � a ¼ 0, condition (1.2) impliesð

aðyÞdy ¼ 0;

ð
½yjakðyÞ þ ykajðyÞ�dy ¼ 0:ð1:8Þ

Combining (1.2) with the first condition of (1.8), we obtain (see Lemma 2.1

below)

a A X n=ðnþ1Þ VX 1:ð1:9Þ

Furthermore, we can show that (see Lemma 2.1)

X n=ðnþ1Þ VX 1 HX q; for all
n

nþ 1
< q < 1:ð1:10Þ
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So, the results of [8] apply to deduce the upper bounds

kuðtÞkq a
cqð1þ tÞ�ðn=2Þð1þ1=n�1=qÞ n

nþ1 a qa n
� �

;

cqt
�ðn=2Þð1þ1=n�1=qÞ ðn < qayÞ;

(
ð1:11Þ

for strong solutions; and

kuðtÞkq a cqð1þ tÞ�ðn=2Þð1þ1=n�1=qÞ n

nþ 1
a qa 2

� �
;ð1:11Þ0

for weak solutions. (1.11) is due to [20] for q ¼ y and ð1:11Þ0 is due to [19]

for q ¼ 2. They were extended to n
nþ1 a q in [8]. Our first main result is the

following, which extends (i) and (ii) of Theorem 1.1 to smaller values of q.

Theorem 1.2. (i) If a satisfies the assumptions of Theorem 1.1 (i), the

corresponding strong solution satisfies (1.3) for all n
nþ1 a qay, and the weak

solution satisfies (1.3) for all n
nþ1 a qa 2.

(ii) Under the assumptions of (i) above, the two-sided bound

0 < c 0q a tðn=2Þð1þ1=n�1=qÞkuðtÞkq a cq for large t > 0;ð1:12Þ

is obtained with appropriate constants cq and c 0q, if and only if a and u together

satisfy (1.4). Here, n
nþ1 a qay if u is a strong solution, and n

nþ1 a qa 2 if u

is a weak solution.

Estimate (1.12) shows in particular that

0 < c0 a kuðtÞkn=ðnþ1Þ a c1 for large t > 0;

if and only if a and u together satisfy (1.4). In particular, u is bounded and

does not decay in X n=ðnþ1Þ whenever ð
Ð
ykajðyÞdyÞ0 ð0Þ. We shall prove

Theorem 1.2 in Section 3 after preparing necessary lemmas in Section 2. Our

key result is Lemma 2.2, by which we can deduce (1.3) for n
nþ1 a q < 1.

Theorem 1.2 shows that we have to consider functions which do not satisfy

(1.4) to find a class of flows with more rapid decay property. A class of such

flows has recently been found by Brandolese [3], and we next examine the

decay properties of these flows in more detail, by systematically employing the

spaces X q. Consider the velocity fields a satisfyingð
ð1þ jyjÞ2jaðyÞjdy < y;

ð
ð1þ jyjÞ2jaðyÞj2dy < y;ð1:13Þ

aj is odd in yj and is even in yk for all k0 j;ð1:14Þ

and

a1ðy1; . . . ; ynÞ ¼ a2ðyn; y1; . . . ; yn�1Þ ¼ � � � ¼ anðy2; . . . ; yn; y1Þ:ð1:15Þ
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We can directly verify that if a, u and v satisfy (1.14) and (1.15), so does the

function

wðx; tÞ ¼ e�tAa�
ð t
0

e�ðt�sÞAP‘ � ðun vÞðsÞds:

So, the standard iteration method as given in [5, 6, 7, 12] yields a weak or

strong solution u satisfying (1.14), (1.15), and, moreover,ð
ð1þ jyjÞ2juðy; tÞj2dyaC for all tb 0

which follows from (1.13) (see [4, Appendix] or [16]). Hereafter, up to the end

of this section, by a strong solution we mean the solution given in Theorem 1.1

(iii); and a weak solution means the solution given in Theorem 1.1 (iv). Thus,

our strong solutions satisfy (1.5), which was the starting point in [4] for

deducing Theorem 1.1 (iii). Moreover, since n ¼ 3 or n ¼ 4 in Theorem 1.1

(iv), we may assume (see [6] or [12]) that our weak solutions satisfy the strong

energy inequality

ð1:16Þ
kuðtÞk22 þ 2

ð t
s

k‘uk22dta kuðsÞk22 for s ¼ 0; a:e: s > 0 and all tb s:

In this paper we call a solution satisfying (1.14) and (1.15) a solution with cyclic

symmetry. Direct calculation givesð
ðukulÞðy; tÞdy ¼ lðtÞdkl;

ð
yjðukulÞðy; tÞdy ¼ 0ð1:17Þ

if u is a solution with cyclic symmetry. Moreover, by (1.8) and (1.14) we getÐ
yjakðyÞdy ¼ 0 for all j and k; so in view of (1.17), a and u do not satisfy

(1.4). Theorem 1.2 (i) thus implies

lim
t!y

tðn=2Þð1þ1=n�1=qÞkuðtÞkq ¼ 0

for n
nþ1 a qay if u is a strong solution and n

nþ1 a qa 2 if u is a weak

solution. Actually, we can show more. Indeed, condition (1.8) and (1.14)

together imply ð
ygaðyÞdy ¼ 0 whenever jgja 2ð1:18Þ

provided that a satisfies (1.13). This, together with (1.6) and (1.17), implies

lim
t!y

tðn=2Þð1þ2=n�1=qÞkuðtÞkq ¼ 0ð1:19Þ �
for all 1a qay; if u is a strong solution;

for all 1a qa 2; if u is a weak solution:
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We shall extend (1.19) to the case of smaller q. Indeed, in Section 4 we prove

the following, which is our second main result.

Theorem 1.3. Let a A S satisfy ‘ � a ¼ 0, (1.14) and (1.15).

(i) There exists a strong or weak solution u with cyclic symmetry which

satisfies

kuðtÞkq a cqð1þ tÞ�ðn=2Þð1þ3=n�1=qÞ:ð1:20Þ

Here, n
nþ3 a qay for a strong solution, and n

nþ3 a qa 2 for a weak sol-

ution. In particular,

lim
t!y

tðn=2Þð1þ2=n�1=qÞkuðtÞkq ¼ 0

for n
nþ3 a qay if u is a strong solution, and n

nþ3 a qa 2 if u is a weak

solution.

(ii) The strong solution u given above satisfies

juðx; tÞja ckð1þ jxjÞk�n�3ð1þ tÞ�k=2
for all 0a ka nþ 3:ð1:21Þ

(iii) Let u be a weak or strong solution given above. Then we have

tðn=2Þð1þ3=n�1=qÞkuðtÞkq b cq > 0 for large t > 0;ð1:22Þ

if and only if there exists j A f1; . . . ; ng such that, for some t > 0,X
jaj¼3

1

a!
ðqa

xEtÞðxÞ
ð
yaajðyÞdy

þ
X
jbj¼2

1

b!
ðqb

xFl; jkÞðx; tÞ
ðy
0

ð
ybðukulÞðy; sÞdyds2 0:

ð1:23Þ

Brandolese [3] shows the existence of a strong solution with cyclic symmetry

such that

kuðtÞkq a cqð1þ tÞ�ðn=2Þð1þ2=n�1=qÞ for all 1a qay;

juðx; tÞja ckð1þ jxjÞk�n�2ð1þ tÞ�k=2 for all 0a ka nþ 2:

ð1:24Þ

Our (1.20) and (1.21) extend (1.24) to the case q < 1 with improvement. The

main di¤erence between the result of [3] and Theorem 1.3 is that [3] proves the

existence of a cyclically symmetric strong solution with property (1.24), while

Theorem 1.3 asserts that the weaker condition (1.5) and the cyclic symmetry

together imply (1.21) provided that a A S.

A divergence-free vector field a satisfying the assumption of Theorem 1.3

is constructed as follows. Choose b A S satisfying (1.14) and (1.15), whose

Fourier transform b̂b vanishes identically near the origin. Then the vector field

a ¼ ða1; . . . ; anÞ given by
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âaj ¼ ðdjk � xjxk=jxj2Þb̂bkðxÞ
is divergence-free, belongs to S, and satisfies (1.14), (1.15) and (1.18). To get

a vector field b with properties described above, we have only to take a vector

field c A S satisfying (1.14) and (1.15), multiply the Fourier transform ĉc by

a smooth radial cuto¤ function which vanishes identically near the origin, and

then take the inverse Fourier transform of the resulting vector field. Actually,

the above construction gives divergence-free vector fields a such thatð
ygaðyÞdy ¼ 0 for every multi-index g:ð1:25Þ

At the end of Section 4, we will give a criterion that ensures the existence of the

constant cq > 0 in (1.22) in the case where n ¼ 2 or n ¼ 3, assuming (1.25) for

the initial velocity a. However, we do not know whether such solutions exist.

As is seen from the above discussion, study of Navier-Stokes flows with

fast decay involves various cancellation properties of moments of functions.

This is one reason for which the theory of the Besov spaces can be e¤ectively

applied. Indeed, it is well known in Fourier analysis that the scale of Besov

spaces is suitable for treating functions with such cancellation properties.

Another reason for using the spaces (1.7) is that our argument heavily relies on

the properties of spatial derivatives of the heat kernel. As will be shown in

Section 2, these functions are e¤ectively treated in Besov spaces.

It is also possible to consider Navier-Stokes flows with fast decay pos-

sessing other kinds of symmetry. For example, [15] shows that if the space

dimension is even, there exist solutions subject to spherical symmetry. The

reader is referred to [14] for the decay properties of Navier-Stokes flows and

related problems.

We conclude this paper with two appendices; in Section 5 we give a full

proof of (4.6) and Section 6 deals with the existence of solutions treated in

Theorem 1.1 (iii).

2. Preliminaries

We begin by proving (1.9) and (1.10). It su‰ces to show the following

result.

Lemma 2.1. Let m A N.

(i) Suppose
Ð
ð1þ jyjÞmj f ðyÞjdy < y and

Ð
ygf ðyÞdy ¼ 0 for every g with

jgjam� 1. Then f A _BB�m
1;y V _BB�ma

1;1 for all 0 < a < 1; and we have

½ f ��ma;1;1 a cm;a

ð
ð1þ jyjÞmj f ðyÞjdy;

½ f ��m;1;y a cm

ð
ð1þ jyjÞmj f ðyÞjdy:

ð2:1Þ
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Here, ½ f ��s;1;1 and ½ f ��m;1;y denote the norms of the spaces _BB�s
1;1 and _BB�m

1;y,

respectively.

(ii) We have _BB�m
1;y VL1 H _BB�ma

1;1 for all 0 < a < 1, with estimate

½ f ��ma;1;1 a cm;ak f k1�a
1 ½ f �a�m;1;y:ð2:2Þ

(iii) The Riesz transforms R ¼ ðR1; . . . ;RnÞ defined by

ðdRk fRk f ÞðxÞ ¼
ixk
jxj f̂f ðxÞ; k ¼ 1; . . . ; n; i ¼

ffiffiffiffiffiffiffi
�1

p
;

are bounded from _BB�s
1;1 to itself and from _BB�m

1;y to itself, respectively.

Proof. (i) We fix c A S so that

supp ĉcH f2�1
a jxja 2g and ĉcðxÞb 1

2
for

3

5
a jxja 5

3
;

and define cjðxÞ ¼ 2 jncð2 jxÞ, so that ĉcjðxÞ ¼ ĉcð2�jxÞ, for j A Z. We may

assume X
j AZ

ĉcjðxÞ ¼ 1 for all x0 0:ð2:3Þ

The norms of _BB�s
1;1 and _BB�m

1;y are given by

½ f ��s;1;1 ¼
X
j AZ

2�jskcj � f k1; ½ f ��m;1;y ¼ sup
j AZ

2�jmkcj � f k1:

See [1, 17, 18] for the details. The rescaled functions flðxÞ ¼ f ðx=lÞ, l > 0,

then satisfy

½ fl��s;1;1 ¼ lsþn½ f ��s;1;1; ½ fl��m;1;y ¼ lmþn½ f ��m;1;y:ð2:4Þ

Now, it is easy to see thatX
jb0

2�jmakcj � f k1 a kck1k f k1
X
jb0

2�jma ¼ cm;akck1k f k1;

sup
jb0

2�jmkcj � f k1 a kck1k f k1 sup
jb0

2�jm

 !
¼ kck1k f k1:

When j < 0, we apply Taylor’s formula to the function y 7! cjðx� yÞ. Due to

our assumption on f , we obtain

ðcj � f ÞðxÞ ¼
ð
cjðx� yÞf ðyÞdy ¼

ð
Rm; jðx; yÞ f ðyÞdy;
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where

Rm; jðx; yÞ ¼ mð�2 jÞm
ð 1
0

ð1� yÞm�1
X
jgj¼m

1

g!
ðqg

xcÞjðx� yyÞyg dy:

Applying Fubini’s theorem gives kcj � f k1 a cm2
jmk‘mck1

Ð
jyjmj f ðyÞjdy, and

so X
j<0

2�jmakcj � f k1 a cm
X
j<0

2 jmð1�aÞ
ð
jyjmj f ðyÞjdy ¼ cm;a

ð
jyjmj f ðyÞjdy;

sup
j<0

2�jmkcj � f k1 a cm

ð
jyjmj f ðyÞjdy;

since a < 1. Estimate (2.1) now follows immediately. This proves (i).

(ii) Suppose f A _BB�m
1;y VL1. The estimate kcj � f k1 a kck1k f k1 impliesX

jb0

2�jmakcj � f k1 a cm;akck1k f k1:

Since f A _BB�m
1;y implies kcj � f k1 a 2 jm½ f ��m;1;y for all j, and since a < 1, it

follows thatX
j<0

2�jmakcj � f k1 a ½ f ��m;1;y

X
j<0

2 jmð1�aÞ ¼ cm;a½ f ��m;1;y:

Hence, ½ f ��ma;1;1 a cm;aðk f k1 þ ½ f ��m;1;yÞ. We now insert flðxÞ ¼ f ðx=l1=mÞ,
l > 0, and apply (2.4) to get

½ f ��ma;1;1 a cm;aðl�ak f k1 þ l1�a½ f ��m;1;yÞ

with cm;a > 0 independent of l > 0. Setting l ¼ k f k1=½ f ��m;1;y gives (2.2).

The proof of (ii) is complete.

(iii) For all j A Z, we have ðdRkcjRkcjÞðxÞ ¼ ðixk=jxjÞĉcð2�jxÞ ¼ ðdRkcRkcÞð2�jxÞ
and so

kRkcjk1 ¼ kðRkcÞjk1 ¼ kRkck1:

Take Mk A Cy
0 ðRnÞ so that MkðxÞ1 0 near x ¼ 0 and MkðxÞ ¼ ixk=jxj on

supp ĉc. Then kRkck1 ¼ k �MMk � ck1 a k �MMkk1kck1 with �MMk the inverse Fourier

transform of Mk, and so kRkcjk1 aM with M > 0 independent of j and k.

On the other hand, the definition of cj and (2.3) together imply

cj � f ¼ ðcj�1 þ cj þ cjþ1Þ � cj � f :
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Since Rk are convolution operators, we see that

kRkcj � f k1a
X1
l¼�1

kðRkcjþlÞ �cj � f k1a
X1
l¼�1

kRkcjþlk1kcj � f k1a3Mkcj � f k1:

This implies the desired results. The proof of Lemma 2.1 is complete.

We next consider the functions ‘Et, Fl; jk and their derivatives in the

spaces X q.

Lemma 2.2. Let m A N. Then ‘mEt and ‘m�1Fl; jk are in X q for all
n

nþm
a qay and satisfy

k‘mEtkq ¼ cqt
�ðn=2Þð1þm=n�1=qÞ; k‘m�1Fl; jkkq ¼ cqt

�ðn=2Þð1þm=n�1=qÞ:

Proof. The functions ‘mEt and ‘m�1Fl; jk are of the form

t�ðnþmÞ=2Kðxt�1=2Þ with K such that

K A X q for all
n

nþm
a qay:ð2:5Þ

This is easily checked for ‘mEt. Indeed, in this case K ¼ ‘mE1 are derivatives

of the rapidly decreasing function e�jxj2 , so they belong to X n=ðnþmÞ VL1 VLy.

Lemma 2.1 (ii) ensures the desired result (2.5) for ‘mEt. As for ‘m�1Fl; jk,

note that Fð� ; 1Þ’s are kernel functions of the operator P‘e�tA at t ¼ 1. Since

P ¼ I þ RnR with R ¼ ðR1; . . . ;RnÞ the Riesz transforms, Lemma 2.1 (iii)

implies that K ¼ ‘m�1Fð� ; 1Þ are in X n=ðnþmÞ. We easily see by direct cal-

culation that the functions K are bounded and integrable on Rn. So, (2.5) is

deduced from Lemma 2.1 (ii). The result now follows from (2.4) and the

corresponding scaling property of Lq-norms. This proves Lemma 2.2.

The following lemma will be e¤ectively applied in the subsequent sections.

Lemma 2.3. Let m A N, n
nþm

a qay, and let K satisfy (2.5). Then,

lim
t!y

kKð� � yt�1=2Þ � Kð�Þkq ¼ 0 for any fixed y A Rn:ð2:6Þ

Proof. We use the relation

Kðx� yt�1=2Þ � KðxÞ ¼ �t�1=2

ð1
0

ðy � ‘KÞðx� yt�1=2tÞdt:

Since ‘K A X q for all n
nþmþ1 a qay, and since k‘Kð� � yt�1=2Þkq ¼ k‘Kkq,

we get

kKð� � yt�1=2Þ � Kð�Þkq a t�1=2jyj
ð1
0

k‘Kkqdt ¼ t�1=2jyj k‘Kkq ! 0

as t ! y. This shows (2.6), and the proof is complete.
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3. Proof of Theorem 1.2

First we prove assertion (i). It su‰ces only to discuss the case n
nþ1 a q <

1. Consider first the linear term e�tAa. Since a satisfies (1.8), direct calcula-

tion gives

ðe�tAajÞðxÞ ¼
ð
½Etðx� yÞ � EtðxÞ�ajðyÞdy ¼ �

ð1
0

ð
ðqkEtÞðx� yyÞykajðyÞdydy;

so that

ðe�tAajÞðxÞ þ ðqkEtÞðxÞ
ð
ykajðyÞdy

¼ �
ð 1
0

ð
½ðqkEtÞðx� yyÞ � ðqkEtÞðxÞ�ykajðyÞdydy:

By (2.4) we get, with n
nþ1 a q < 1 and K ¼ ‘E1,

tðn=2Þð1þ1=n�1=qÞ e�tAaj þ qkEt

ð
ykajðyÞdy

���� ����
q

a c

ð1
0

ð
kKð� � yt�1=2yÞ � Kð�Þkqjyj jaðyÞjdydy:

Since a satisfies (1.2), applying Lemma 2.3 and the dominated convergence

theorem gives

lim
t!y

tðn=2Þð1þ1=n�1=qÞ e�tAaj þ qkEt

ð
ykajðyÞdy

���� ����
q

¼ 0:ð3:1Þ

Consider next the nonlinear term of (IE), which is written componentwise as

wjðtÞ1�
ð t
0

Fl; jkðt� sÞ � ðukulÞðsÞdsð3:2Þ

¼ �
ð t=2
0

þ
ð t
t=2

 !
Fl; jkðt� sÞ � ðukulÞðsÞds1 I1 þ I2:

By (1.11) or ð1:11Þ0 we have kuðsÞk22 a cð1þ sÞ�1�n=2; so Lemma 2.2 implies

kI2kq a
ð t
t=2

kFl; jkð� ; t� sÞkqkuðsÞk
2
2dsa c

ð t
t=2

ðt� sÞ�ðn=2Þð1þ1=n�1=qÞ
s�1�n=2 ds

a ct�n=2�ðn=2Þð1þ1=n�1=qÞ;

because 0a n
2 1þ 1

n
� 1

q

� �
< 1

2 whenever n
nþ1 a q < 1. We thus obtain
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tðn=2Þð1þ1=n�1=qÞkI2kq a ct�n=2 ! 0 as t ! y:ð3:3Þ

We next rewrite I1 as

I1 ¼ �Fl; jkðx; tÞ
ð t=2
0

ð
ðukulÞðy; sÞdyds

�
ð t=2
0

ð
½Fl; jkðx� y; t� sÞ � Fl; jkðx; t� sÞ�ðukulÞðy; sÞdyds

�
ð t=2
0

ð
½Fl; jkðx; t� sÞ � Fl; jkðx; tÞ�ðukulÞðy; sÞdyds;

to obtain

I1 þ Fl; jkðx; tÞ
ðy
0

ð
ðukulÞðy; sÞdydsð3:4Þ

¼ Fl; jkðx; tÞ
ðy
t=2

ð
ðukulÞðy; sÞdyds

�
ð t=2
0

ð
½Fl; jkðx� y; t� sÞ � Fl; jkðx; t� sÞ�ðukulÞðy; sÞdyds

�
ð t=2
0

ð
½Fl; jkðx; t� sÞ � Fl; jkðx; tÞ�ðukulÞðy; sÞdyds

1 J1 þ J2 þ J3:

It is easy to see that

tðn=2Þð1þ1=n�1=qÞkJ1kq a c

ðy
t=2

kuðsÞk22dsaCt�n=2 ! 0 as t ! y:ð3:5Þ

To estimate J2, we write Fl; jkðx; tÞ ¼ t�ðnþ1Þ=2Kðxt�1=2Þ and apply Lemma 2.2

to get

tðn=2Þð1þ1=n�1=qÞkJ2kq a c

ð t=2
0

ð
kKð� � yðt� sÞ�1=2Þð3:6Þ

� Kð�Þkqjuðy; sÞj
2
dyds

1 c

ð t=2
0

ð
jtðy; sÞjuðy; sÞj

2
dyds:

Observe that jt is bounded and Lemma 2.3 shows jtðy; sÞ ! 0 as t ! y for

fixed s and y. Therefore, the dominated convergence theorem gives
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lim
t!y

ðT
0

ð
jtðy; sÞjuðy; sÞj

2
dyds ¼ 0 for any fixed T > 0:ð3:7Þ

Now, given an arbitrary e > 0, choose T > 0 so that
Ðy
T
kuðsÞk22ds < e. If

t > 2T , thenð t=2
0

ð
jtðy; sÞjuðy; sÞj

2
dyds ¼

ðT
0

þ
ð t=2
T

 !ð
jtðy; sÞjuðy; sÞj

2
dyds

a

ðT
0

ð
jtðy; sÞjuðy; sÞj

2
dydsþ c

ðy
T

kuðsÞk22ds

a

ðT
0

ð
jtðy; sÞjuðy; sÞj

2
dydsþ ce

with c > 0 independent of e and t. This, together with (3.7), implies

lim
t!y

ð t=2
0

ð
jtðy; sÞjuðy; sÞj

2
dyds ¼ 0

and so (3.6) yields

lim
t!y

tðn=2Þð1þ1=n�1=qÞkJ2kq ¼ 0:ð3:8Þ

To estimate J3, we write Fl; jkðx; tÞ ¼ Kðx; tÞ ¼ t�ðnþ1Þ=2Kðxt�1=2Þ and invoke the

relation

Kðx; t� sÞ � Kðx; tÞ ¼ �s

ð1
0

ðqtKÞðx; t� syÞdy:

From (1.1) we easily see qtK ¼ DK , which implies

kqtKkq ¼ kDKkq ¼ cqt
�1�ðn=2Þð1þ1=n�1=qÞ for all

n

nþ 1
a q < 1:

Therefore, if 0a sa t=2, then

kKð� ; t� sÞ � Kð� ; tÞkq a cs

ð1
0

ðt� syÞ�1�ðn=2Þð1þ1=n�1=qÞ
dy

a cst�1�ðn=2Þð1þ1=n�1=qÞ:

This, together with (1.11) or ð1:11Þ0, implies

tðn=2Þð1þ1=n�1=qÞkJ3kq a ct�1

ð t=2
0

skuðsÞk22dsa ct�1

ð t=2
0

ð1þ sÞ�n=2
ds;

and therefore,
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lim
t!y

tðn=2Þð1þ1=n�1=qÞkJ3kq ¼ 0:ð3:9Þ

By (3.2)–(3.9), we have proved

lim
t!y

tðn=2Þð1þ1=n�1=qÞ wjðtÞ þ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

¼ 0

for all
n

nþ 1
a q < 1:

Combining this with (3.1) completes the proof of assertion (i).

To prove assertion (ii), recall that condition (1.4) is equivalent to

qkEtðxÞ
ð
ykajðyÞdyþ Fl; jkðx; tÞ

ðy
0

ð
ðukulÞðy; sÞdyds

� �n
j¼1

2 ð0Þ for all t > 0;

as a function of x; see [11, Proposition 2.1]. By Lemmas 2.2 and 2.3, this is

equivalent to

Xn
j¼1

qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

¼ cqt
�ðn=2Þð1þ1=n�1=qÞ > 0:

ð3:10Þ

Now, suppose that (1.4) holds, and so (3.10) is valid. Direct calculation then

gives

kujðtÞkq b qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

� ujðtÞ þ qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

:

Here we let t ! y and apply (1.3) to get, by (3.10),

kuðtÞkq G
Xn
j¼1

kujðtÞkq b cqt
�ðn=2Þð1þ1=n�1=qÞ > 0 for large t > 0:

Thus, (1.11) or ð1:11Þ0 implies (1.12). Conversely, suppose (1.12) holds. Since

qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

b kujðtÞkq � ujðtÞ þ qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞdyds

���� ����
q

;

it follows from (1.3), (1.12) and Lemma 2.2 that
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Xn
j¼1

qkEt

ð
ykajðyÞdyþ Fl; jk

ðy
0

ð
ðukulÞðy; sÞ

���� ����
q

1 cqt
�ðn=2Þð1þ1=n�1=qÞ > 0:

This implies (1.4). The proof of Theorem 1.2 is complete.

4. Flows with cyclic symmetry

In this section we first prove Theorem 1.3. We then discuss the problem

of finding a lower bound of rate of decay for these flows. As will be described

below, it is reasonable to expect that the flows treated in Theorem 1.3 never

decays in X n=ðnþ3Þ. However, our consideration is incomplete and so we

cannot yet give a definitive answer to this question.

Recall that a strong solution means a solution given in Theorem 1.1 (iii),

and a weak solution is that given in Theorem 1.1 (iv). We begin by preparing

Lemma 4.1. Let u be a strong or weak solution with cyclic symmetry. For

m ¼ 0; . . . ; n,ð
jyjmjuðy; sÞj2dy

a
cmð1þ sÞ�1�ð1þn=2Þð1�m=ðnþ1ÞÞ

if u is a strong solution;

cmð1þ sÞ�ð2þn=2Þð1�m=nÞ
if u is a weak solution:

(ð4:1Þ

Proof. By (1.19) we already know that

kuðtÞkq a cqð1þ tÞ�ðn=2Þð1þ2=n�1=qÞ for all 1a qa 2:

When u is a strong solution, we know jyjnþ1juðy; sÞjaC by (1.5). It follows

that ð
jyjnþ1juðy; sÞj2dyaC

ð
juðy; sÞjdyaCð1þ sÞ�1:

Therefore, when m ¼ 0; 1; . . . ; n; nþ 1, we haveð
jyjmjuðy; sÞj2dya

ð
jyjnþ1juðy; sÞj2dy

� �m=ðnþ1Þ ð
juðy; sÞj2dy

� �1�m=ðnþ1Þ

a cmð1þ sÞ�1�ð1þn=2Þð1�m=ðnþ1ÞÞ:

When u is a weak solution, we know
Ð
jyjnjuðy; sÞj2dyaC (see [4, Appendix]

or [16]). Thus,ð
jyjmjuðy; sÞj2dya

ð
jyjnjuðy; sÞj2dy

� �m=n ð
juðy; sÞj2

� �1�m=n

a cmð1þ sÞ�ð2þn=2Þð1�m=nÞ

for m ¼ 0; 1; . . . ; n. This proves Lemma 4.1.
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Lemma 4.2. For every multi-index g with jgj ¼ mb 0, we have the esti-

mates

jqg
xEtðxÞja cmjxj�n�m; jqg

xFl; jkðx; tÞja cmjxj�n�m�1;

with cm > 0 independent of t > 0.

Proof. We easily see that jqg
xEtðxÞja cmt

�ðnþmÞ=2e�c 0mjxj
2=t. Taking the

maximum of the right-hand side with respect to t > 0, we get the first estimate.

On the other hand, direct calculation using (1.1) gives

jqg
xFl; jkðx; tÞja cm jxj�n�m�1 þ

ðy
t

s�ðnþmþ3Þ=2e�c 0mjxj
2=s ds

� �
:

By the change of the variable t ¼ jxj2=s, the last integral is estimated as

¼ jxj�n�m�1

ðjxj2=t
0

tðnþm�1Þ=2e�c 0mt dta cmjxj�n�m�1:

This proves Lemma 4.2.

Proof of Theorem 1.3. (i) By (1.18) and Taylor’s formula, we get

tðn=2Þð1þ3=n�1=qÞke�tAakq a c
X
jgj¼3

ð1
0

ð
kðqg

xE1Þð� � yt�1=2yÞkqjyj
3jaðyÞjdydy:

Since kð‘3E1Þð� � yt�1=2yÞkq ¼ k‘3E1kq, and since e�tA defines a bounded

semigroup in X q, we obtain

ke�tAakq a cð1þ tÞ�ðn=2Þð1þ3=n�1=qÞ:ð4:2Þ

We next consider

wjðtÞ ¼ �
ð t
0

Fl; jkðt� sÞ � ðukulÞðsÞds

¼ �
ð t=2
0

þ
ð t
t=2

 !
Fl; jkðt� sÞ � ðukulÞðsÞds1 I1 þ I2:

By (1.17), we see that

I2 ¼ �
X
k0l

ð t
t=2

ð
½Fl; jkðx� y; t� sÞ � Fl; jkðx; t� sÞ�ðukulÞðy; sÞdyds

�
ð t
t=2

ð
½Fl; jlðx� y; t� sÞ � Fl; jlðx; t� sÞ�u2lðy; sÞdyds

�
ð t
t=2

ð
Fl; jlðx; t� sÞlðsÞds:
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But, from (1.1) it follows that

Fl; jl ¼ qjEt þ
ðy
t

qjDEs ds ¼ qjEt þ
ðy
t

qsqjEs ds ¼ 0;ð4:3Þ

and so

I2 ¼ �
ð t
t=2

ð
½Fl; jkðx� y; t� sÞ � Fl; jkðx; t� sÞ�ðukulÞðy; sÞdyds:

Applying the second property of (1.17) gives, by Taylor’s formula,

I2 ¼ �2
X
jgj¼2

1

g!

ð1
0

ð t
t=2

ð
ð1� yÞðqg

xFl; jkÞðx� yy; t� sÞygðukulÞðy; sÞdydsdy:

Recall that ‘2F ¼ t�ðnþ3Þ=2Kðxt�1=2Þ with K A X q for all n
nþ3 a qay; and

(4.1) implies ð
jyj2juðy; sÞj2dya cð1þ sÞ�1�eð4:4Þ

for some e > 0. Thus, for n
nþ3 a q < n

nþ1 , we have

kI2kq a cq

ð t
t=2

ðt� sÞ�ðn=2Þð1þ3=n�1=qÞð1þ sÞ�1�e
dsa cqð1þ tÞ�ðn=2Þð1þ3=n�1=qÞ�e;

and tðn=2Þð1þ3=n�1=qÞkI2kq ! 0 as t ! y. If qb 1 and if u is a strong solution,

then (1.19) gives kuðsÞkq a cqð1þ sÞ�ðn=2Þð1þ2=n�1=qÞ. So, from

I2 ¼ �
ð t
t=2

ðFl; jkÞðt� sÞ � ðukulÞðsÞds

and kFðt� sÞk1 ¼ cðt� sÞ�1=2, it follows that

kI2kq a cq

ð t
t=2

kFðt� sÞk1kuðsÞk
2
2qdsa cq

ð t
t=2

ðt� sÞ�1=2ð1þ sÞ�nð1þ2=n�1=ð2qÞÞ
ds

a cqð1þ tÞ1=2�nð1þ2=n�1=ð2qÞÞ ¼ cqð1þ tÞ�n=2�ðn=2Þð1þ3=n�1=qÞ:

Hence, tðn=2Þð1þ3=n�1=qÞkI2kq ! 0 as t ! y. Applying Lemma 2.1 (ii), we

conclude that

lim
t!y

tðn=2Þð1þ3=n�1=qÞkI2kq ¼ 0ð4:5Þ

for all
n

nþ 3
a qay; if u is a strong solution:

When u is a weak solution, (1.19) gives kuðsÞkq a cð1þ sÞ�ðn=2Þð1þ2=n�1=qÞ for
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1a qa 2; so the above argument shows t3=2kI2k1 ! 0. Actually, it is possible

to deduce tðn=2Þð1=2þ3=nÞkI2k2 ! 0, and thereby we can prove, via Lemma 2.1 (ii),

lim
t!y

tðn=2Þð1þ3=n�1=qÞkI2kq ¼ 0ð4:6Þ

for all
n

nþ 3
a qa 2; if u is a weak solution:

Our proof of ð4:6Þ for q ¼ 2 uses (1.16) and (1.19), and it will be given in

Section 5.

Similarly, the term I1 is written as

I1 ¼ �2
X
jgj¼2

1

g!

ð1
0

ð t=2
0

ð
ð1� yÞðqg

xFl; jkÞðx� yy; t� sÞygðukulÞðy; sÞdydsdy

¼ �
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx; tÞ
ð t=2
0

ð
ygðukulÞðy; sÞdyds

�
X
jgj¼2

1

g!

ð t=2
0

ð
½ðqg

xFl; jkÞðx; t� sÞ � ðqg
xFl; jkÞðx; tÞ�ygðukulÞðy; sÞdyds

� 2
X
jgj¼2

1

g!

ð1
0

ð t=2
0

ð
ð1� yÞ½ðqg

xFl; jkÞðx� yy; t� sÞ � ðqg
xFl; jkÞðx; t� sÞ�

� ygðukulÞðy; sÞdydsdy

1�
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx; tÞ
ð t=2
0

ð
ygðukulÞðy; sÞdydsþ J 0

1 þ J 0
2;

so that

I1 þ gtðxÞ ¼
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx; tÞ
ðy
t=2

ð
ygðukulÞðy; sÞdydsþ J 0

1 þ J 0
2;ð4:7Þ

where

gtðxÞ ¼
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx; tÞ
ðy
0

ð
ygðukulÞðy; sÞdyds:ð4:8Þ

The integral with respect to s in (4.8) is finite, due to (4.4). We write ‘2F ¼
t�ðnþ3Þ=2Kðxt�1=2Þ, with some K A X q, n

nþ3 a qay, to obtain

kgtkq ¼ cqt
�ðn=2Þð1þ3=n�1=qÞ for all

n

nþ 3
a qay:ð4:9Þ

On the other hand, from (4.4) we have
Ðy
t=2

Ð
jyj2juj2dyds ¼ Oðt�eÞ as t ! y,
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and so the first term on the right-hand side of (4.7) is oðt�ðn=2Þð1þ3=n�1=qÞÞ as

t ! y, for all n
nþ3 a qay. For J 0

2, we get

tðn=2Þð1þ3=n�1=qÞkJ 0
2kqac

ð1
0

ð t=2
0

ð
kKð� � yðt� sÞ�1=2yÞ �Kð�Þkqjyj

2juðy; sÞj2dydsdy

1

ð1
0

ð t=2
0

ð
jtðx; y; s; y; hÞjyj

2juðy; sÞj2dydsdy:

Since lim
t!y

jt ¼ 0 by Lemma 2.3, the same argument as in the proof of Theorem

1.2 (i) gives

lim
t!y

tðn=2Þð1þ3=n�1=qÞkJ 0
2kq ¼ 0 for all

n

nþ 3
a qay:

We next rewrite J 0
1 as

J 0
1 ¼

X
jgj¼2

1

g!

ð 1
0

ð t=2
0

ð
ðqtqg

xFl; jkÞðx; t� stÞsygðukulÞðy; sÞdydsdt:

Since qt‘
2F ¼ t�ðnþ5Þ=2Kðxt�1=2Þ, with K A X q for all n

nþ5 a qay, we get by

(4.4)

tðn=2Þð1þ3=n�1=qÞkJ 0
1kq a ct�1

ð t=2
0

ð
sjyj2juðy; sÞj2dydsa ct�1

ð t
0

ð1þ sÞ�e
ds ! 0

as t ! y. We have thus deduced

lim
t!y

tðn=2Þð1þ3=n�1=qÞkwðtÞ þ gtkq ¼ 0ð4:10Þ

for all n
nþ3 a qay if u is a strong solution;

for all n
nþ3 a qa 2 if u is a weak solution:

�
Combining (4.2), (4.9) and (4.10) gives

kuðtÞkq a ke�tAakq þ kwðtÞ þ gtkq þ kgtkq a cqt
�ðn=2Þð1þ3=n�1=qÞ

for appropriate values of q. Since kuðtÞkq is bounded in t > 0, the proof of (i)

is complete.

(ii) We systematically apply Lemma 4.2. Let

uðtÞ ¼ e�tAa�
ð t
0

F ðt� sÞ � ðun uÞðsÞds1 e�tAaþ wðtÞ:

In view of (1.20) with q ¼ y, we need only show that

jðe�tAaÞðxÞja cð1þ jxjÞ�n�3 and jwðx; tÞja cð1þ jxjÞ�n�3
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to deduce (1.21). Since juj and je�tAaj are bounded in x and t, so is jwðtÞj.
Therefore, in what follows we always assume jxj > 1. Now,

ðe�tAaÞðxÞ ¼
ð
jyj<jxj=2

þ
ð
jyj>jxj=2

 !
Etðx� yÞaðyÞdy1K1 þ K2:

Since a is in S,

jK2ja c sup
jyj>jxj=2

jaðyÞja cð1þ jxjÞ�N for all N > 0:

We next invoke (1.8), (1.14), (1.15), (1.18) and Taylor’s formula to get

K1 ¼
ð
jyj<jxj=2

Etðx� yÞ �
X
jgja2

ð�yÞg

g!
ðqg

xEtÞðxÞ

24 35aðyÞdy
þ
X
jgja2

ðqg
xEtÞðxÞ
g!

ð
jyj<jxj=2

ð�yÞgaðyÞdy

¼ 3
X
jgj¼3

1

g!

ð1
0

ð
jyj<jxj=2

ð1� yÞ2ðqg
xEtÞðx� yyÞð�yÞgaðyÞdydy

�
X
jgja2

ðqg
xEtÞðxÞ
g!

ð
jyj>jxj=2

ð�yÞgaðyÞdy

1K11 þ K12:

We easily see that

jK12ja c
X
jgja2

jxj�n�jgj
ð
jyj>jxj=2

ð1þ jyjÞ�N�n�1
dya cjxj�n�N

for all N > 0; and, since jx� yyj � jxj � jyj > jxj=2 whenever jyj < jxj=2, it

follows that

jK11ja cjxj�n�3

ð
jyj<jxj=2

ð1þ jyjÞ�n�1
dya cjxj�n�3:

Hence

jðe�tAaÞðxÞja cð1þ jxjÞ�n�3:ð4:11Þ

Consider next

wjðtÞ ¼ �
ð t
0

Fl; jkðt� sÞ � ðukulÞðsÞds ¼ �
ð
jyj<jxj=2

þ
ð
jyj>jxj=2

 !
1 I 01 þ I 02:
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Since our strong solutions are those given by Theorem 1.1 (iii), they satisfy

(1.5), i.e.,

juðy; sÞja ckð1þ jyjÞk�n�1ð1þ sÞ�k=2 for all 0a ka nþ 1:ð4:12Þ

From kFðt� sÞk1 ¼ cðt� sÞ�1=2 and (4.12), we get

jI 02ja
ð t
0

ð
jyj>jxj=2

jFðx� y; t� sÞjð1þ jyjÞ�2n�1ð1þ sÞ�1=2
dyds

a cð1þ jxjÞ�2n�1

ð t
0

ð
jFðx� y; t� sÞjð1þ sÞ�1=2

dyds

a cð1þ jxjÞ�2n�1

ð t
0

ðt� sÞ�1=2
s�1=2 dsa cð1þ jxjÞ�n�3:

On the other hand, we see by Taylor’s formula, (1.17) and (4.3) that

I 01 ¼ �2

ð1
0

ð t
0

ð
jyj<jxj=2

ð1� yÞ
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx� yy; t� sÞygðukulÞðy; sÞdydsdy

�
ð t
0

ð
jyj<jxj=2

½Fl; jkðx; t� sÞ � ðqmFl; jkÞðx; t� sÞym�ðukulÞðy; sÞdyds

¼ �2

ð1
0

ð t
0

ð
jyj<jxj=2

ð1� yÞ
X
jgj¼2

1

g!
ðqg

xFl; jkÞðx� yy; t� sÞygðukulÞðy; sÞdydsdy

þ
ð t
0

ð
jyj>jxj=2

Fl; jkðx; t� sÞðukulÞðy; sÞdyds

�
ð t
0

ð
jyj>jxj=2

ðqmFl; jkÞðx; t� sÞymðukulÞðy; sÞdyds

1 I 011 þ I 012 þ I 013:

By (4.4) we get

jI 011ja cjxj�n�3

ð t
0

ð
jyj<jxj=2

jyj2juðy; sÞj2dyds

a cjxj�n�3

ðy
0

ð
jyj2juðy; sÞj2dyds ¼ cjxj�n�3:

To estimate I 012 and I 013, suppose first nb 3. Direct calculation using (4.12)

gives
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jI 012ja cjxj�n�1

ð t
0

ð
jyj>jxj=2

ð1þ jyjÞ�n�2ð1þ sÞ�n=2
dydsa cjxj�n�3;

jI 013ja cjxj�n�2

ð t
0

ð
jyj>jxj=2

ð1þ jyjÞ�n�1ð1þ sÞ�n=2
dydsa cjxj�n�3:

Collecting terms gives

jwðx; tÞj � jI 01j þ jI 02ja cð1þ jxjÞ�n�3:ð4:13Þ

By (4.11) and (4.13) we obtain juðx; tÞja cð1þ jxjÞ�n�3, and so (1.21) follows

immediately. When n ¼ 2, the above argument shows jI 01kja cð1þ jxjÞ�n�3 �
logðeþ tÞ for k ¼ 2; 3, and so juðx; tÞja cð1þ jxjÞ�n�3 logðeþ tÞ. This,

together with (1.20), gives

juðx; tÞja ckð1þ jxjÞk�n�3ð1þ tÞe�k=2 for 0a ka nþ 3 and e > 0:

Using this with su‰ciently small e > 0, we again estimate I 012 and I 013 and get

jI 012ja cjxj�n�1

ð t
0

ð
jyj>jxj=2

ð1þ jyjÞ�n�2ð1þ sÞðe�n�4Þ=2
dydsa cjxj�n�3;

jI 013ja cjxj�n�2

ð t
0

ð
jyj>jxj=2

ð1þ jyjÞ�n�1ð1þ sÞðe�n�4Þ=2
dydsa cjxj�n�3:

This implies that (1.21) holds also in case n ¼ 2.

(iii) As in the proof of (ii), we get

tðn=2Þð1þ3=n�1=qÞ e�tAaj þ
X
jaj¼3

1

a!
qa
xEt

ð
yaajðyÞdy

������
������
q

a c
X
jaj¼3

ð1
0

ð
kðqa

xE1Þð� � yt�1=2yÞ � ðqa
xE1Þð�Þkqjyj

3jajðyÞjdydy ! 0

as t ! y. Combining this with (4.10) and (4.8), and noting that

X
jaj¼3

1

a!
qa
xEt

ð
yaaðyÞdyþ

X
jbj¼2

1

b!
ðqb

xFÞð� ; tÞ
ðy
0

ð
ybðun uÞðy; sÞdyds

������
������
q

1 cqt
�ðn=2Þð1þ3=n�1=qÞ;

we can deduce (iii) as in the proof of Theorem 1.2 (ii). The proof of Theorem

1.3 is complete.

Remark. Suppose a A S satisfies (1.14), (1.15) and (1.25), and so
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ke�tAakq ¼ oðt�MÞ for all M > 0 as t ! y; and let u be the corresponding

strong solution treated in Theorem 1.3. Then, Theorem 1.3 (iii) shows that

tðn=2Þð1þ3=n�1=qÞkuðtÞkq b cq > 0 for large t > 0 if and only if gt 2 0 for some

t > 0, where gt is the function given in (4.8).

Concerning this, we can show the following: consider

Ajj ¼
ðy
0

ð
y2j u

2
j dyds; Bjk ¼

ðy
0

ð
y2j u

2
k dyds;

Djk ¼
ðy
0

ð
yjujykuk dyds; ð j0 kÞ:

Using (1.15) for u, we easily see that A ¼ Ajj is independent of j. Further-

more, we always have Djk ¼ Dkj. Suppose first n ¼ 2. Then B ¼ B12 ¼ B21,

D ¼ D12 ¼ D21; and we readily see that condition gt 1 0 implies

A ¼ BþD:ð4:14Þ

Conversely, (4.14) implies gt 1 0 for all t > 0. Suppose next n ¼ 3. Due to

(1.15) for u and the symmetry of Djk, we always have D1Djk. Furthermore,

if gt 1 0, then Bjk ¼ Bkj. Thus, (1.15) for u implies Bjk 1B. We can then

deduce (4.14) by direct calculation. Conversely, one can directly show that if

n ¼ 3, if B ¼ Bjk are independent of j and k, and if A, B and D satisfy (4.14),

then gt 1 0 for all t > 0. We thus conclude that gt 2 0 if and only if (4.14)

breaks down, or n ¼ 3 and Bjk is nonsymmetric.

5. Appendix A: Proof of (4.6)

We give a full proof of (4.6) in case q ¼ 2 for weak solutions u given in

Theorem 1.3 satisfying the strong energy inequality (1.16). The basic idea is

due to [2, 5, 13]. Recall that

I2 ¼ �
ð t
t=2

Fl; jkðt� sÞ � ðukulÞðsÞds:

Bearing this in mind, we consider for 0 < t < t the function v ¼ ðv1; . . . ; vnÞ
with

vjðtÞ ¼ �
ð t
t

Fl; jkðt� sÞ � ðukulÞðsÞds ¼ ujðtÞ � Et�t � ujðtÞ:

The function u0j ðtÞ ¼ Et�t � ujðtÞ ¼ e�ðt�tÞAujðtÞ satisfies

ku0ðtÞk22 þ 2

ð t
s

k‘u0k22ds ¼ ku0ðsÞk22 for tb sb t;ð5:1Þ
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while u satisfies (1.16), i.e.,

kuðtÞk22 þ 2

ð t
s

k‘uk22dsa kuðsÞk22 for a:e: s > t and all tb s:ð5:2Þ

On the other hand, since v solves weakly the initial value problem

qtv� Dv ¼ �P‘ � ðun uÞ ðt > tÞ; vðtÞ ¼ 0;

direct calculatuon gives

hvðtÞ; u eðtÞiþ 2

ð t
s

h‘v;‘ueids ¼ hvðsÞ; ueðsÞi�
ð t
s

hu � ‘u; u eids

for t > s > t and e > 0, where u eðsÞ ¼ e�ðsþe�tÞAuðtÞ. Letting e ! 0 yields

hvðtÞ; u0ðtÞiþ 2

ð t
s

h‘v;‘u0ids ¼ hvðsÞ; u0ðsÞi�
ð t
s

hu � ‘u; u0idsð5:3Þ

for t > s > t. Adding (5.1) and (5.2) and then subtracting 2� ð5:3Þ, we obtain

kvðtÞk22 þ 2

ð t
s

k‘vk22dsa kvðsÞk22 þ 2

ð t
s

hu � ‘u; u0idsð5:4Þ

for a.e. s > t and all tb s. But, since ‘ � u ¼ 0, we have hu � ‘u0; u0i ¼ 0, so

2hu � ‘u; u0i ¼ 2hu � ‘v; u0ia 2kuk2k‘vk2ku0ky a k‘vk22 þ kuk22ku0k
2
y:

Inserting this in (5.4) gives

kvðtÞk22 þ
ð t
s

k‘vk22dsa kvðsÞk22 þ
ð t
s

kuk22ku0k
2
ydsð5:5Þ

for a.e. s > t and all tb s. Here we define the operators EðlÞ, l > 0, byd½EðlÞ f �½EðlÞ f �ðxÞ ¼ wlðxÞ f̂f ðxÞð5:6Þ

with wl the indicator function of fx : jxj2 a lg, where f̂f is the Fourier trans-

form of f :

f̂f ðxÞ ¼
ð
e�ix�xf ðxÞdx ði ¼

ffiffiffiffiffiffiffi
�1

p
Þ:

For any m > 0, we have

k‘vðsÞk22 ¼
ð
jxj2jv̂vðx; sÞj2dxb

ð
jxj2bm

jxj2jv̂vðx; sÞj2dx

b mðkvðsÞk22 � kEðmÞvðsÞk22Þ;
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and so (5.5) yields

kvðtÞk22 þ
ð t
s

mðsÞkvðsÞk22dsa kvðsÞk22 þ Rðt; sÞ

for a.e. s > t and all tb s, where

Rðt; sÞ ¼
ð t
s

½mðsÞkEðmðsÞÞvðsÞk22 þ kuk22ku0k
2
y�ds:

Here mðsÞ is a positive decreasing function to be fixed later. On the other

hand, since

vðsÞ ¼ �
ð s
t

e�ðs�hÞAP‘ � ðun uÞðhÞdh;

with P and e�tA defined in terms of the convolution, direct calculation gives

kEðmÞvðsÞk2 a
ð s
t

kEðmÞ‘ � ðun uÞðhÞk2dh for fixed m > 0:

Using (5.6) and the L1 � Ly estimate for the Fourier transform, we have

kEðmÞ‘ � ðun uÞðhÞk22 a
ð
jxj2am

jxj2j d½un u�½un u�ðx; hÞj2dx

a k d½un u�½un u�ðhÞk2y
ð
jxj2am

jxj2dx

a ckðun uÞðhÞk21m1þn=2
a cm1þn=2kuðhÞk42 ;

and so kEðmÞvðsÞk2 a cmðnþ2Þ=4Ð s
t
kuk22dh. Therefore,

mðsÞkEðmðsÞÞvðsÞk22 a cmðsÞðnþ4Þ=2
ð s
t

kuk22dh
� �2

;

and

Rðt; sÞaSðt; sÞ1 c

ð t
s

½mðsÞðnþ4Þ=2
ð s
t

kuk22dh
� �2

þ kuk22ku0k
2
y�ds:

We have thus deduced

ð5:7Þ
kvðtÞk22 � Sðt; sÞ þ

ð t
s

mðsÞkvðsÞk22dsa kvðsÞk22 for a:e: s > t and all tb s:
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It is possible to di¤erentiate zðsÞ ¼
Ð t
s
mðsÞkvðsÞk22ds at a.e. s, to get, by (5.7),

z 0ðsÞ ¼ �mðsÞkvðsÞk22 a�mðsÞ½zðsÞ þ kvðtÞk22 � Sðt; sÞ�:

Here we take mðsÞ ¼ mðs� tÞ�1, m > n
2 þ 3, and multiply both sides by

ðs� tÞm to get

ðd=dsÞ½ðs� tÞmzðsÞ�a�mðs� tÞm�1½kvðtÞk22 � Sðt; sÞ�:

Since Sðt; tÞ ¼ 0, integrating this by parts over ½s; t� gives

½ðt� tÞm � ðs� tÞm�kvðtÞk22 a ðs� tÞmzðsÞ þ
ð t
s

mðs� tÞm�1
Sðt; sÞds

a ðs� tÞmzðsÞ �
ð t
s

ðs� tÞmS0
sðt; sÞds:

We then pass to the limit s ! t and divide both sides by ðt� tÞm to obtain

kvðtÞk22 a�ðt� tÞ�m

ð t
t

ðs� tÞmS 0
sðt; sÞds

¼ cmðt� tÞ�m

ð t
t

ðs� tÞm�n=2�2

ð s
t

kuk22dh
� �2

ds

þ cmðt� tÞ�m

ð t
t

ðs� tÞmkuk22ku0k
2
yds

a cmðt� tÞ�n=2�1

ð t
t

kuk22ds
� �2

þ cmðt� tÞ�m

ð t
t

ðs� tÞmkuk22ku0k
2
yds:

Now (1.19) gives

kuðsÞk2 a cð1þ sÞ�1�n=4ð5:8Þ

and so, since u0ðsÞ ¼ e�ðs�tÞAuðtÞ, the standard estimate for the heat kernel

gives

ku0ðsÞky a cðs� tÞ�n=4kuðtÞk2 a cðs� tÞ�n=4ð1þ tÞ�1�n=4:

Therefore,

kvðtÞk22 a cmðt� tÞ�n=2�1

ð t
t

kuk22dh
� �2

þ cmð1þ tÞ�2�n=2ðt� tÞ�m

ð t
t

ðs� tÞm�n=2ð1þ sÞ�2�n=2
ds:
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Here we set t ¼ t=2 so that v ¼ I2. Since m > n
2 þ 3, the above estimate gives

kI2k22 a ct�n=2�1

ð t
t=2

kuk22dh
 !2

þ ct�2�n

ð t
t=2

ð1þ sÞ�2�n=2
ds:

Hence (5.8) implies

t3þn=2kI2k22 a ct2
ðy
t=2

ð1þ sÞ�2�n=2
ds

 !2
þ ct1�n=2

ðy
t=2

ð1þ sÞ�2�n=2
dsa ct�n ! 0

as t ! y. This proves (4.6) for q ¼ 2.

6. Appendix B: On the existence of solutions given in Theorem 1.1 (iii)

The strong solutions treated in Theorem 1.1 (iii) were obtained in [9] under

more stringent assumptions on a. Moreover, in deducing relevant estimates,

the method of [9] employs the Hardy space theory. Here we show that such

solutions are obtained under the (weaker) assumptions on a given in Theorem

1.1 (iii) without appealing to the Hardy space theory.

We begin by establishing the following

Lemma 6.1. Let a satisfy

‘ � a ¼ 0; C0 ¼ supð1þ jyjÞnþ1jaðyÞj < y; C1 ¼
ð
jyj jaðyÞjdy < y:

Then

ð6:1Þ
jðe�tAaÞðxÞja cðC0 þ C1Þð1þ jxjÞk�n�1ð1þ tÞ�k=2

for all 0a ka nþ 1

with c > 0 independent of k, C0 and C1.

Proof. Observe first that jðe�tAaÞðxÞj is bounded in x and t > 0; indeed,

jðe�tAaÞðxÞja kaky aC0. So, we assume jxj > 1 in estimating jðe�tAaÞðxÞj
with respect to x, and t > 1 in estimating the same function with respect to

t. Our condition on a implies (1.8), so we get

ð6:2Þ
ðe�tAaÞðxÞ ¼

ð
½Etðx� yÞ � EtðxÞ�aðyÞdy ¼ �

ð1
0

ð
ðy � ‘EtÞðx� yyÞaðyÞdydy;

and

jðe�tAaÞðxÞja ct�ðnþ1Þ=2
ð1
0

ð
e�c 0 jx�yyj2=tjyj jaðyÞjdya cC1t

�ðnþ1Þ=2:ð6:3Þ
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On the other hand, let

ðe�tAaÞðxÞ ¼
ð
jyj>jxj=2

þ
ð
jyj<jxj=2

 !
Etðx� yÞaðyÞdy1 I1 þ I2:

We easily see that

jI1ja cC0ð1þ jxjÞ�n�1

ð
EtðzÞdz ¼ cC0ð1þ jxjÞ�n�1:ð6:4Þ

Applying (1.8) yields

I2 ¼
ð
jyj<jxj=2

½Etðx� yÞ � EtðxÞ�aðyÞdyþ EtðxÞ
ð
jyj<jxj=2

aðyÞdy

¼ �
ð1
0

ð
jyj<jxj=2

ðy � ‘EtÞðx� yyÞaðyÞdydy� EtðxÞ
ð
jyj>jxj=2

aðyÞdy

1 I21 þ I22:

Direct calculation gives

jI21ja ct�ðnþ1Þ=2
ð
jyj<jxj=2

e�c 0jx�yyj2=tjyj jaðyÞjdya cC1t
�ðnþ1Þ=2e�c 0jxj2=t

a cC1jxj�n�1;

jI22ja cC0t
�n=2e�c 0 jxj2=t

ð
jyj>jxj=2

ð1þ jyjÞ�n�1
dya cC0jxj�n � jxj�1 ¼ cC0jxj�n�1:

Hence jI2ja cðC0 þ C1Þjxj�n�1. Combining this with (6.4) gives

jðe�tAaÞðxÞja cðC0 þ C1Þjxj�n�1:ð6:5Þ

By (6.3) and (6.5), we get (6.1). This proves Lemma 6.1.

Now that we have proved (6.1), the argument of [9] ensures the existence

of a strong solution u with the initial value a satisfying (1.5), i.e.,

juðx; tÞja ckð1þ jxjÞk�n�1ð1þ tÞ�k=2 for all 0a ka nþ 1;ð6:6Þ

if C0 þ C1 in (6.1) is su‰ciently small. In [9] we proved (6.6), but the proof of

[9] uses the theory of Hardy spaces in dealing with the case k ¼ nþ 1. Here

we give an elementary proof of (6.6). As in [9], the crucial step is to show that

if u and v satisfy (6.6), so does the function

wðx; tÞ ¼ �
ð t
0

ð
Fðt� sÞ � ðun vÞðsÞds:
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From jðun vÞðy; sÞja cð1þ jyjÞ�2n�1ð1þ sÞ�1=2
a cð1þ sÞ�1=2, it follows that

jwðx; tÞja
ð t
0

kFðt� sÞk1kðun vÞðsÞkydsa c

ð t
0

ðt� sÞ�1=2ð1þ sÞ�1=2
dsa c;

which shows the boundedness of jwðx; tÞj. So, we assume that jxj > 1 in

estimating jwðx; tÞj with respect to x, and that t > 1 in estimating jwðx; tÞj with
respect to t. We write

jwðx; tÞja
ð t=2
0

þ
ð t
t=2

 !ð
jF ðt� sÞj � jðun vÞðsÞjds1W1 þW2:

Direct calculation gives

W1 a

ð t=2
0

kFðt� sÞkykuðsÞk2kvðsÞk2ds

a ct�ðnþ1Þ=2
ð t=2
0

ð1þ sÞ�1�n=2
dsa ct�ðnþ1Þ=2;

W2 a c

ð t
t=2

kFðt� sÞk1kuðsÞkykvðsÞkyds

a c

ð t
t=2

ðt� sÞ�1=2ð1þ sÞ�n�1
dsa cð1þ tÞ�ðnþ1Þ=2:

This proves (6.6) with k ¼ nþ 1 for w. We next write

jwðx; tÞja
ð t
0

ð
jy�xj<jxj=2

þ
ð
jy�xj>jxj=2

 !
jFðx� y; t� sÞj jðun vÞðy; sÞjdyds

1W3 þW4

to obtain

W3 a c

ð t
0

ð
jy�xj<jxj=2

ðt� sÞ�3=4jx� yj1=2�nð1þ jyjÞ�3=2�2nð1þ sÞ�1=4
dyds

a cð1þ jxjÞ�3=2�2n � jxj1=2 a cð1þ jxjÞ�1�2n
a cð1þ jxjÞ�n�1;

W4 a c

ð t
0

ð
jy�xj>jxj=2

jx� yj�n�1ð1þ jyjÞ1�2nð1þ sÞ�3=2
dyds

a cjxj�n�1

ð
jy�xj>jxj=2

ð1þ jyjÞ1�2n
dya cjxj�n�1:
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This proves (6.6) for w with k ¼ 0. We can now apply the fixed-point argu-

ment as in [9] to find a strong solution u of (IE) satisfying (6.6) when C0 þ C1

in (6.1) is su‰ciently small.

Let a strong solution u satisfy (6.6). Take k ¼ 1 and then k ¼ nþ 1 in

(6.6), to obtain

kuðsÞk1;w a cð1þ sÞ�1=2; kuðsÞky a cð1þ sÞ�ðnþ1Þ=2;

where k � k1;w is the quasi-norm of the weak L1-space L1
w. Thus, for

1 < q < y,

kuðsÞkq a ckuðsÞk1=q1;wkuðsÞk
1�1=q
y a cð1þ sÞ�ðn=2Þð1þ1=n�1=qÞ:ð6:7Þ

Now, (6.2) implies ke�tAak1 a ck‘Etk1
Ð
jyj jaðyÞjdy ¼ ct�1=2. So (6.7) with

q ¼ 2 gives

kuðtÞk1 a ct�1=2 þ c

ð t
0

ðt� sÞ�1=2kuðsÞk22ds

a ct�1=2 þ c

ð t
0

ðt� sÞ�1=2ð1þ sÞ�1�n=2
dsa ct�1=2:

On the other hand,

kuðtÞk1akak1 þ c

ð t
0

ðt� sÞ�1=2ð1þ sÞ�1�n=2
dsakak1 þ c

ð t
0

ðt� sÞ�1=2
s�1=2 ds¼ C:

Therefore, kuðtÞk1 a cð1þ tÞ�1=2. This, together with (6.6) for k ¼ 0, yieldsð
jyjnþ1juðy; sÞj2dya ðsupjyjnþ1juðy; sÞjÞ

ð
juðy; sÞjdya cð1þ sÞ�1=2:

From this and (6.7) with q ¼ 2, it follows via Hölder’s inequality thatð
jyjmjuðy; sÞj2dya

ð
jyjnþ1juðy; sÞj2dy

� �m=ðnþ1Þ ð
juðy; sÞj2dy

� �1�m=ðnþ1Þ

a cð1þ sÞ�1�ðn�mÞ=2

for m ¼ 0; . . . ; nþ 1. This is just what we needed in [4] for deducing Theorem

1.1 (iii).
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[15] M. E. Schonbek, T. Schonbek and E. Süli, Large time behavior of solutions to the magneto-

hydrodynamic equations. Math. Ann. 304 (1996), 717–756.

[16] M. E. Schonbek and T. P. Schonbek, On boundedness and decay of moments of solutions of

the Navier-Stokes equations. Advances in Di¤. Eq. 5 (2000), 861–898.

[17] H. Triebel, Theory of Function Spaces. Birkhäuser Verlag, Basel-Boston, 1983.
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